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Abstract
Quantum thermodynamics follows the approach of classical thermodynamics to study
the energy exchange during the interaction of quantum systems. It defines the quantum
counterparts of heat, work, and entropy, and it provides equations that constrain the
variation of these quantities. The Maxwell’s demon paradox portrays a tiny being that
uses the information on individual molecules of a gas in thermal equilibrium to extract
energy out of thermal fluctuations, thus, violating the Second law of thermodynamics. In
the present work, we implemented experimentally an autonomous Maxwell’s demon with
a single circular Rydberg atom and a single mode of a superconducting microwave cavity.
We treat two levels of the atom as a qubit, which resonantly exchanges energy with the
cavity. We prepare the qubit and the cavity in thermal states at different temperatures and
we let them exchange a photon by means of an adiabatic passage. A third level of the atom
is not in resonance with the cavity. Transferring the atoms from the low-energy level to
the non-resonant level is equivalent to a sneaky demon preventing the low-energy qubits
from interacting with the cavity, therefore, extracting energy out of thermal fluctuations.
The obtained results can be explained by applying a generalized version of the second law,
which takes into account the information exchange between the qubit and the demon.

i

Zusammenfassung
All credits (or critics) go to the almighty Google translate...
Die Quantenthermodynamik folgt dem Ansatz der klassischen Thermodynamik, um
den Energieaustausch während der Wechselwirkung von Quantensystemen zu untersuchen. Es definiert die Quantengegenstücke von Wärme, Arbeit und Entropie und liefert
Gleichungen, die die Variation dieser Größen einschränken. Das Dämonenparadox des
Maxwell zeigt ein winziges Wesen, das die Informationen über einzelne Moleküle eines
Gases im thermischen Gleichgewicht verwendet, um Energie aus thermischen Fluktuationen zu extrahieren, wodurch der zweite Hauptsatz der Thermodynamik verletzt wird.
In der vorliegenden Arbeit haben wir experimentell einen textit autonomen MaxwellDämon mit einem einzelnen kreisförmigen Rydberg-Atom und einer einzelnen Mode eines supraleitenden Mikrowellenhohlraums implementiert. Wir behandeln zwei Ebenen
des Atoms als Qubit, das resonant Energie mit dem Hohlraum austauscht. Wir bereiten
das Qubit und den Hohlraum in thermischen Zuständen bei unterschiedlichen Temperaturen vor und lassen sie mittels einer adiabatischen Passage ein Photon austauschen.
Eine dritte Ebene des Atoms befindet sich nicht in Resonanz mit dem Hohlraum. Das
Übertragen der Atome von der Niedrigenergieebene auf die Nichtresonanzebene entspricht einem hinterhältigen Dämon, der verhindert, dass die Niedrigenergie-Qubits mit
dem Hohlraum interagieren, wodurch Energie aus thermischen Schwankungen extrahiert
wird. Die erhaltenen Ergebnisse können durch Anwendung einer verallgemeinerten Version des zweiten Gesetzes erklärt werden, die den Informationsaustausch zwischen dem
Qubit und dem Dämon berücksichtigt.
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1. Introduction
1.1. Maxwell’s demon paradox
The typical scenario in classical thermodynamics portrays a system (engine) that undergoes a working cycle while it exchanges energy, in the form of work and heat, with
some reservoirs. The first law states the energy conservation. However, it does not tell
us why certain energy-conserving processes are never observed in practice. Back in the
day, thermodynamics was concerned about the efficiency of macroscopic machines and
the fundamental principles limiting their performance. All the equivalent formulations
of the second law are logically negative, since they establish what is not possible.
The Kelvin-Planck statement asserts: [1] no cyclic process is possible whose sole result is the extraction of energy from a single heat bath, and the conversion of all that energy
into work.
The Clausius statement reads: [1] no process is possible whose sole result is the transfer
of heat from a body of lower temperature to a body of higher temperature.
The entropy is another fundamental concept of thermodynamics, which is often interpreted as a "degree of disorder". In terms of entropy, the second law transforms into a
unique statement: in a closed system, the entropy production during a cyclic process is always positive, or zero, at best. Closed system refers to an engine and its environment (all
reservoirs) as a single independent entity. A reversible process corresponds to the special case of zero entropy production. The entropy turns out to be very useful, however,
there is no general recipe to calculate it. There is an empirical expression for the entropy production during an (irreversible) thermal relaxation of two reservoirs at different
temperatures, T1 and T2 , respectively:


1
1
−
Q2←1 = ∆β Q2←1 ≥ 0,
(1.1)
∆S =
T2 T1
where Q indicates the heat gain of reservoir 2 and the inverse temperature is β = T −1 .
Three important remarks arise from (1.1). First, the entropy increases when the heat
flows from the hot reservoir to the cold one. Second, the heat transfer stops at thermal
equilibrium (T2 = T1 ). Third, the forbidden process by the Clausius statement leads to a
negative entropy production!
In 1871, J. C. Maxwell envisioned a paradox to show the limitations of the second law,
later named Maxwell’s demon by Lord Kelvin. The paradox portrays a tiny intelligent being that operates a door on a partition dividing a box in two sides. Both sides are filled
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Figure 1.1.: Maxwell’s demon: The demon is sensitive to the velocity fluctuations of the atoms
and it uses this information to drive the system out of equilibrium.

with a monoatomic gas in thermal equilibrium. The demon "sees" the thermal fluctuations
of the gas and it uses this information to drive the system out of thermal equilibrium: it
opens the door when either a fast atom is coming towards the left side or a slow atom is
approaching to the right side (see Figure 1.1). Although the paradox revealed subtle clues
on the link between thermodynamic entropy and information, it was difficult to grasp
back in the day. Szilard [2] then proposed an alternative version of the paradox, much
simpler, where the relation between information and thermodynamics played a central
role. The Szilard’s engine is a single atom in a box with a mobile partition (Figure 1.2).
The engine produces work by extracting heat from a single (hot) reservoir, which clearly
violates the Kelvin-Planck statement. We can think of it as an "information-driven engine", where the demon effectively acts as a "negative entropy reservoir", replacing the
cold reservoir.
The approach of Szilard, Bethe and Brillouin was considering the information as a kind
of negative entropy, which compensates the negative (thermodynamic) entropy production of the engine. The demon gained one bit of information in the readout, which was
"outdated" at the end of the cycle (after feedback). Thus, the information loss safely accounts for the reduction of thermodynamic entropy ∆Sengine − ∆Idemon ≥ 0. Some final
remarks on the Szilard engine: First, the word information refers to the correlation
between the demon and the engine, which is lost during the feedback. Second, the information behaves as a kind of negative entropy. Third, the second law was generalized,
accounting for the information exchange, rather than saved, since the thermodynamic
entropy production was strictly negative at the end.
The continuous effort towards miniaturization in the semiconductor industry as well
as the coming-of-age of the quantum technologies provide a strong motivation to develop
a more general theory of thermodynamics. Therefore, the actual trend in research is to
develop a more comprehensive theory, accounting for the energy and information exchange among "small" finite systems, which can be quantum in nature, like single atoms
and photons. Also, it must be valid in out-of-equilibrium situations. [3-11]
In the present work, we have experimentally implemented an autonomous Maxwell’s
demon with a single circular Rydberg atom and a single mode of a high-quality superconducting microwave cavity. We treat two main atomic levels as a qubit, which is in
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Figure 1.2.: Szilard engine: The demon introduces the partition to measure the position of the
atom (readout). Then, it "conveniently" introduces a piston, extracting work when
the atom collides with it (feedback). The demon finally warms up the atom back to
its initial temperature with the aid of a hot reservoir.

resonance with the cavity. We prepare the qubit and the cavity at different temperatures
and we let them exchange a photon by means of an adiabatic passage. The third level
of the atom is not in resonance with the cavity. Transferring the atoms from the lowenergy level into the non-resonant level is equivalent to a sneaky demon preventing the
low-energy qubits from absorbing energy from the cavity, therefore, rectifying thermal
fluctuations. The obtained results are successfully explained by a generalized second law,
which accounts for the information exchange between the qubit and the demon.
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2. Theoretical background
A typical experiment in cavity QED is about the dynamics of a two-level atom (a spin)
coupled to a single cavity mode (a spring). In the present section, I provide a brief description of both quantum systems as well as their interaction.

2.1. Of spins and springs
... Or the theoretical background behind cavity QED [12].

The spin (two-level system)
The spin is described by a vector in a two-dimensional Hilbert space (HQ ). A general
spin observable has two possible eigenvalues and eigenvectors. The eigenvectors have
different symbols within a given field of research: |0i and |1i, in quantum information;
|дi and |ei, in atomic physics, |ai and |bi, in quantum optics. The spin is also called qubit
(quantum bit). The Hamiltonian of the spin is given by
1
ĤQ = ~ω 0σ̂Z ,
2

(2.1)

where the suffix Q stands for qubit and σ̂Z is one of the Paulli matrices. All three Paulli
matrices, in the |1i and |0i basis, are shown below






1 0
0 1
0 −i
σ̂Z =
, σ̂X =
, σ̂Y =
,
(2.2)
0 −1
1 0
i 0
The closed-system dynamics of any quantum system |ψ i is given by the Schrödinger
equation
i~ ∂t |ψ i = ĤQ |ψ i.
(2.3)
Thus, if |ψ i is either |дi or |ei at t 0 = 0, it remains constant up to a global phase. The
probability of finding the system in state |ai at time t is calculated as
P(a, t) =: |ha|ψ (t)i| 2

(2.4)

If the initial state is instead a coherent superposition
e iφ
1
|ψ 0 i = √ |ei + √ |дi,
2
2

(2.5)
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a relative phase builds up at time t:
|ψ (t)i =

e −i~ωQ t/2
e i~ωQ t/2+iφ
|ei +
|дi.
√
√
2
2

(2.6)

Nevertheless, P(e, t) and P( д , t) remain constant, both equal to 12 . Unlike a global phase,
a relative phase can be measured with a Ramsey interferometer.
If the initial state is
1
1
(2.7)
|±i = √ |ei ± √ |дi,
2
2
we will notice that P(±, t) oscillate in quadrature with respect to each other. Those special
states are nothing but the eigenvectors of the σˆX operator: |1X i and |0X i, respectively.
Any state |ψ i ϵ HQ can be expressed as
|v̂i = cos(θ /2)|ei + sin(θ /2)e iφ |дi,

(2.8)

up to a global phase. We see that |v̂i is orthogonal to
|−v̂i = sin(θ /2)|ei − cos(θ /2)e iφ |дi.

(2.9)

The symbol v̂ represents an unitary vector in spherical coordinates, see Figure 2.1. Therefore, −v̂ is nothing the inversion by the origin of v̂. The former states are the eigenvectors
of the operator
σ̂v̂ = |v̂ihv̂ | − |−v̂ih−v̂ |
=

(2.10)

cos(θ ) σ̂Z + sin(θ ) cos(φ) σ̂X + sin(θ ) sin(φ) σ̂Y ,

whose eigenvalues are 1 and −1, respectively. This operator represents the projection of
the spin onto an arbitrary direction v̂, meaning that the Paulli matrices are the Cartesian
projections (X , Y and Z ).
The Bloch sphere is useful for visualizing the dynamics of a spin. For example, the state
|θ = π /2, φi (2.8) lies on the equatorial ring of the Bloch sphere, and the Hamiltonian just

Figure 2.1: Bloch sphere: Any spin state
|ψ i, can be mapped onto an unitary vector v̂. Opposite poles
represent orthogonal states. The
eigenvectors of σ̂X , σ̂Y and σ̂Z
lay on the Cartesian axis. The
equatorial ring contains any 5050 superposition of |ei and |дi
with a relative phase φ. The qubit
Hamiltonian rotates v̂ around the
Z axis.

6

2.1. Of spins and springs
induces a precession along the Z axis. It is also clear why the eigenvectors of σ̂Z , which
are located on the North pole (|ei) and South pole (|дi), remain constant over time.
Finally, we define the jump operators σ̂± of the spin
i
1
σ̂± = σ̂X ± σ̂Y .
2
2

(2.11)

where σ̂+ = |eihд| and σ̂− = |дihe |. In fact, the word "jump" is a trace of the old quantum
theory of Bohr, it refers to a quantum jump, an instantaneous transition from one state
to another.

The spring (quantum harmonic oscillator)
The tango partner of the spin in cavity QED is no other than the spring: the (one-dimensional)
quantum harmonic oscillator [13]. It is the next step in the complexity ladder of quantum
systems. It corresponds to a particle with mass m that moves in a quadratic potential. The
Hamiltonian given by
1 2 1
P̂ + mω02 X̂ 2
(2.12)
Ĥ =
2m
2
We introduce "natural units" for the position and momentum as well as unitless "dynamical variables"
s
p
2~
(2.13)
x0 =
, p0 = 2~ω 0m
mω0
Q̂ =

X̂
,
x0

P̂ =

P̂
.
p0

(2.14)

The Hamiltonian has a simplified and curious form


Ĥ = ~ω 0 P̂ 2 + Q̂ 2

(2.15)

Next, we introducing new dynamical operators
â = Q̂ + i P̂, â † = Q̂ − i P̂


â, â † = 1.

(2.16)
(2.17)

where â † is the hermitian conjugate of â, â † = (â)† . They are referred as creation and
annihilation operators, respectively. They are also called ladder operators for reasons that will be clear latter. The position and momentum are the symmetric and antisymmetric combinations of these operators.
Q̂ =


1
â + â † ,
2

P̂ =


1
â − â † .
2i

(2.18)

We might think of the position (momentum) as the real (imaginary) part of â, although
this is not accurate. The Hamiltonian can be re-written as

Ĥ = ~ω0 â †â + 1/2
(2.19)
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It satisfies the commutation relations
h
i
Ĥ, â = −~ω0â,
h

Ĥ, â † = ~ω 0â † .

(2.20)
(2.21)

They imply that â (â † ) rise (lower) the energy of the system in ~ω0 . Moreover, by only
allowing states with positive energy, the energy has to be quantized in units of ~ω0 ,
En = ~ω 0 (n + 1/2).

(2.22)

The number operator N̂ =: â †â indicates the number of energy quanta
N̂ |ni = n|ni.

(2.23)

By introducing the ladder operators, we can interpret the dynamics of the spring in terms
of energy quanta, photons, in case of the electromagnetic field.
The Maxwell’s equations describe the dynamics of the classical electromagnetic fields.
Their solutions are given in terms of normal modes: independent degrees of freedom
with specific spatial structure, resonance frequency and polarization. Each normal mode
behaves as a one-dimensional quantum harmonic oscillator: a spring!
Following this approach, the electric field is an anti-symmetric combination of the ladder operators


ˆ
∗
∗ †
®
(2.24)
EC = iE0 ϵˆC ( r® ) f ( r® ) â − ϵˆC ( r® ) f ( r® ) â ,
where ϵˆC ( r® ) is the polarization, and f ( r® ) is the spatial structure of the mode, satisfying
the Helmholtz equation
∇2 f ( r® ) + ω02 /c 2 f ( r® ) = 0.
(2.25)
as well as the boundary conditions for the electric field. This expression for the electric
field (2.24) is valid on the Schrödinger picture, where the state of the system evolves
with time, while the operators remain invariant. On the contrary, the operators evolve
with time, while the system remains invariant in the Heisenberg picture. The dynamics
of the ladder operators is given by
i
1h
∂t â = − Ĥ, â = −iω0â
(2.26)
i~
i
1h
∂t â † = − Ĥ, â † = iω0â † .
(2.27)
i~
The electric field in the Heisenberg picture is


ˆ
−iωC t
∗
∗ † iωC t
®
EC = iE0 ϵˆC ( r® ) f ( r® ) â e
− ϵˆC ( r® ) f ( r® ) â e
.
(2.28)
It resembles the harmonic vector fields from classical electromagnetism.
By comparing the energy stored in the mode (from Maxwell’s equations) and the energy
of the spring, we can determine the value of E0
r
∫
~ω0
,
V=
d r® 3 | f ( r® )| 2,
(2.29)
E0 =
3
2ϵV
R
where V is called the mode volume.
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Coupling Hamiltonian
In this section we deal with the interaction between the spin and the spring. The dipole
Hamiltonian accounts for the energy exchange between the spin and the spring,
ˆ ®ˆ
Ĥdip = −D® · E(0),

ˆ
D® = e r®ˆ,

(2.30)

ˆ
where D® is the dipole operator, which resembles the classical dipole moment generated
®ˆ stands for the electric field at the dipole center
by a pair of point charges. The symbol E(0)
of mass (the origin, in this case).
The dipole Hamiltonian is a "long wavelength" approximation; it assumes that the
wavelength of the cavity mode λ 0 = 2πc
ω0 is much larger than the dipole dimensions. This is
actually the case for optical transitions, where the transition dipole is ≈ ea 0 . Nevertheless,
this is barely true for microwave transitions of circular Rydberg atoms, since the dipole
is huge (∼ n2a 0 ). The wavelength of the microwave radiation and the outer electron orbit
have similar sizes.
The dipole operator of a spin is given by
ˆ
D® = d 0←1 (ϵˆQ∗ σ̂+ + ϵˆQ σ̂− ),

d 0←1 ϵˆQ = e h0|r®ˆ |1i

(2.31)

where ϵˆQ is a complex unitary vector pointing along the dipole direction. We use this
result for rewriting the dipole Hamiltonian as
h
Ĥdip = id 0←1 E0 (ϵˆQ · ϵˆC∗ ) σ̂− â † + (ϵˆQ∗ · ϵˆC∗ ) σ̂+ â †
(2.32)
i
−(ϵˆQ∗ · ϵˆC ) σ̂+ â − (ϵˆQ · ϵˆC ) σ̂− â ,
there, we have ignored of the spatial part of the electric field.
In the Heisenberg picture, the terms σ̂+ â † and σ̂− â oscillate at ωQ + ωC and −ωQ − ωC ,
respectively. On the other hand, the terms σ̂+ â and σ̂− â † oscillate at ωQ −ωC and −ωQ +ωC .
In the resonant case (ωQ = ωC = ω0 ), the first two terms oscillate much faster than the
last two. Then, we will neglect the fast oscillating terms,
i
h
Ĥdip ≈ id 0←1 E0 f (0)∗ (ϵˆQ · ϵˆC∗ ) σ̂− â † − f (0)(ϵˆQ∗ · ϵˆC ) σ̂+ â .
(2.33)
This is known as the rotating wave approximation. Finally, we derive the famous JaynesCummings Hamiltonian, by assuming f (0) = 1 and (ϵˆQ · ϵˆC∗ ) ϵ R+ ,
h
i
d 0←1 E0
i
†
Ω0 = 2
(ϵˆQ · ϵˆC∗ ),
(2.34)
ĤJC = − ~Ω0 σ̂+ â − σ̂− â ,
2
~
where Ω0 is the vacuum Rabi frequency. [13]

2.2. Quantum optics: atom-photon interaction
In this section, I explain some helpful results of quantum optics that are used through all
the text.
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Dressed states
The main consequence of the spin-spring coupling is the appearance of new eigenstates
of the global system. They were introduced by Claude Cohen-Tannoudji (1997 physics
Nobel prize), with the name of dressed states, for studying the resonant fluorescence
[14].
In the absence of interaction, the joint spin-spring states are |a, ni = |ai ⊗ |ni, the
tensor product of the independent states. The energy spectrum is made of two ladders
with equally spaced steps (~ωC ), see Figure 2.2. The energy difference between nearest
neighbor states is

~δ = ~ ωQ − ωC ,
(2.35)
where δ is the detuning of the spin with respect to the spring.
In the resonant case (δ = 0), the ladders align, and the states |д, ni and |e, n − 1i become
degenerate (same energy). The Jaynes-Cummings Hamiltonian
(2.34) only couples these
√
1
pairs of states, with a strength U(д,n),(e,n−1) = 2 ~Ω0 n. The new global Hamiltonian is
made of independent blocks of two by two matrices. One of such blocks is shown below


√
~ωC n +√~δ /2 −i~Ω0 n/2
.
(2.36)
Hn =
i~Ω0 n/2 ~ωC n − ~δ /2
By diagonlazing these blocks, we obtain the energy of the dressed states
q
1
(n)
E ± = ~ω0n ± ~ δ 2 + Ω02n.
2

(2.37)

Figure 2.2.: Dressed-atom energy levels: Energies of the joint spin-spring states without interaction: a) blue-detuned spin δ > 0, and b) red-detuned spin δ < 0. c) dressed-states
energies En(±) (with interaction) as function of δ . In the resonant case δ = 0, the min√
imum separation between En(+) and En(−) is the n-photon Rabi frequency Ω0 n. In
√
the dispersive case |δ |  Ω0 n, the dressed states are practically |e, n − 1i and |д, ni.
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The corresponding dressed states are displayed below
|+, n (δ )i = cos(θ (δ )/2)|e, n − 1i + i sin(θ (δ )/2)|д, ni

(2.38)

|−, n (δ )i = sin(θ (δ )/2)|e, n − 1i − i cos(θ (δ )/2)|д, ni,
(2.39)
 √ 
Ω n
where θ (δ ) = arctan 0δ
is controlled by the detuning. We should highlight two
important cases: (resonant) Ωn  |δ | ≈ 0 implies
θ /2 = π /4, and (dispersive) Ωn 
√
|δ | implies θ /2 = 0 or π /2, where Ωn = Ω0 n is the n-photon Rabi frequency. In
the resonant case (δ = 0), the dressed states are the eigenvectors of the σ̂Y operator:
symmetric and anti-symmetric combinations of |e, n − 1i in quadrature with |д, ni. In the
dispersive regime, the dressed states are practically equal to |e, n − 1i and |д, ni, but their
® 2 , which is proportional to the number of
energies are linearly shifted by the intensity | E|
photons n,


~δ ~Ω02n
(n)
+
.
(2.40)
E ± ≈ ~ω 0n ±
2
4δ
This phenomenon is the AC-Stark shift, also known as light shift.

Fast adiabatic passage
By slowly varying the detuning from δ  0 to δ  0, the state |д, ni passes "smoothly" to
|e, n−1i, and vice verse. This continuous movement from the South pole to the North pole
of the Bloch sphere is known as fast adiabatic passage. The modulation of the detuning must be much slower than 1/Ωn . In practice, we do not change the frequency of the
cavity, instead, we adjust the atomic resonance frequency by means of the quadratic DCStark shift [13]. In the experimental setup, we modulate a potential difference between
the mirrors of the cavity. This is one of the main advantages of an opened (two-pieces)
cavity against a closed (monolith) cavity, which has the same potential along its entire
surface.

Rabi oscillations
We can analyse the resonant interaction from a semi-classical stand point, by considering
a coherent state of the spring
â|αi = α |αi,

|α | 2 = hni = hα | N̂ |αi,

(2.41)

where, hni is the mean photon-number. We consider the resonant interaction and project
the global Hamiltonian onto the states {|−i, αi, |+i, αi},
p


0 p
~ωC hni + ~Ω0 hni/2
.
(2.42)
Hα ≈
0
~ωC hni − ~Ω0 hni/2
We will solve the Schrödinger equation in the Z basis considering a diagonal Hamiltonian
in the Y basis
p
Ω0 hni
i~∂t |ψ i =
σ̂Y |ψ i.
(2.43)
2
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2. Theoretical background
By noticing that
1
|ei = √ (|+ii + |−ii) ,
2
i
|дi = − √ (|+ii − |−ii) ,
2
the solution of the Schödinger equation is

 p

 p
|ψ i = cos Ω0 hnit/2 − θ 0 |e, αi + sin Ω0 hnit/2 − θ 0 |д, αi.

(2.44)

(2.45)

Now, we calculate the probability of finding the system in state |e, αi at time t, taking into
account an initial state |ψ 0 i = |д, αi. This is equivalent to the transition probability from
e ← д at time t
1
(2.46)
P(e, t) = Pe←д (t) = |he |ψ (t)i| 2 = sin(Ωt/2)2 = (1 − cos(Ωt)),
2
1
P(д, t) = 1 − Pe←д (t) = (1 + cos(Ωt)).
(2.47)
2
We observe the reversible exchange of population between the levels |дi and |ei, where
the oscillation frequency is precisely the classical Rabi frequency Ω/2π = Ω0 hni/2π . This
is equivalent to a precession of the spin around the Y axis, see Figure 2.3.
In the nearly resonant case (δ < Ω), the dressed states do not lie along the Y axis. The
Hamiltonian is then a linear combination of σ̂Y and σ̂Z . We can think of the detuning
as tilting the precession axis towards Z . This prevents a complete population exchange,
reducing the contrast, and the Rabi frequency increases, see Figure 2.4. We account for
this by empirically adjusting the contrast C and the Rabi frequency,
C
(1 − cos(Ωt) ).
(2.48)
2
The non-ideal detection and the atomic radiative relaxation further reduce the contrast.
Pe←д (t) =

Figure 2.3.: Rabi oscillations: a) the spin rotates around the Y axis of the Bloch sphere because
of the coupling to the spring. b) reversible population exchange between the levels
|ei and |дi, corresponding to a spring-spin reversible energy transfer.
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Figure 2.4: Quasi-resosnant Rabi oscillations: Effect of the detuning.
The spin precession axis is tilted
towards Z , because of the detuning δ . The maximum population
exchange is less than 100 %.

Density matrix formalism
The density matrix formalism lets describe statistical mixtures. A density matrix ρ̂ is a
tensor that carries all the information about a system [12]. It is used to calculate the
expectation value of any physical observable O
h
i
hOi = Tr ρ̂ Ô .
(2.49)
It satisfies three important properties
ρ̂ † = ρ̂
Tr ρ̂ = 1
∀ |ψ i ϵ H, hψ | ρ̂|ψ i > 0

(Hermitian),

(2.50)

(normalized),

(2.51)

(positive),

(2.52)

where hψ | ρ̂|ψ i is the probability of finding the system in state |ψ i.
The system is prepared in a pure state if ρ̂ = |ψ ihψ | (the density matrix is a projector),
implying that ρ̂ 2 = ρ̂. In general, the density matrix has non-vanishing off-diagonal
elements hl | ρ̂|mi = hl | ρ̂|mi ∗ , 0. They are called coherences and represent non-classical
correlations. Otherwise, the system can be prepared in a statistical mixture (diagonal
density matrix), without a chance of quantum interference
Õ
ρ̂ =
P(m) |mihm|.
(2.53)
m

The closed-system dynamics of the density matrix if given by
i~ ∂t ρ̂ = [Ĥ, ρ̂].

(2.54)

We can deduce this result from the Schrödinger equation in the case of a pure state.
"Closed-system" means that the energy (and the entropy) is conserved.
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3. Cavity QED: manipulating individual
quantum systems
In cavity quantum electrodynamics (QED), we manipulate the interaction between individual atoms and photons in a cavity [13]. This is not as simple as it sounds, since we
must induce a strong coupling between a single atom and a single photon, and we must
be able to detect individual atoms and photons. The coupling has to overcome the relaxation rates of the atom Γ and the cavity κ. The signature of the strong atom-cavity
coupling is the reversible energy exchange between them, known as the Rabi oscillations,
at the angular frequency
U da E 0
=
,
(3.1)
Ω0 =
~
~
where U is the coupling energy, da is the atomic transition dipole, and E0 is the amplitude
of the vacuum field in the cavity. The strong coupling is reached when Ω0  κ, Γ.
In the lab [15-17], we use circular Rydberg atoms, which are similar to an electron on a
giant orbit around the nucleus. The orbit radius r = da /e ∼ 0.1 µm is 103 times the "orbit"
of an electron in its ground state. Therefore, these atoms behave as very sensitive and
stable dipole antennae. The atom-light coupling rate can be further increased by storing
photons as long as possible. In practice, we use superconducting mirrors in the FabryPerot configuration to trap the photons up to 2π /κ ∼ 27 ms! In a typical experiment, we
let some atoms interact with few photons inside the cavity and then we send probe atoms
to extract information on the resulting cavity field. More information on the circular Rydberg atoms and superconducting microwave cavities can be found in Appendix A.1.

3.1. Experimental setup
An oversimplified picture of the experimental setup is shown in Figure 3.1. First of all,
a jet of Rb atoms is generated by an oven at temperature 230 oC. The atoms, selected
with velocity ∼ 250 ms −1 , are then excited to the circular Rydberg state |50Ci, with the
principal quantum number n = 50 and the maximum orbital quantum number l = n − 1,
hence named circular. This "circularization" process is achieved with a combination of
several lasers, a static electric field, a radio frequency pulse, and a microwave pulse, see
Appendix A.2.
The circular Rydberg atoms fly through a set of five cavities. Two of them are highquality superconducting microwave cavities, and the other three are low-quality cavities
with a more complicated design (Ramsey zones). All the five cavities are mounted inside
a superconducting box isolating them from stray electric and magnetic fields. From now
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Figure 3.1.: Experimental setup: Three main parts are atom preparation, atom-cavity interaction and atomic state detection.

on, the word "cavity" will only refer to the high-Q cavities. Each cavity is made of two
high-purity Niobium mirrors, with critical temperature of 9.2 K. The cavity mode that
we use has a frequency ωC /2π = 51 GHz and a resonance width κ/2π = 25 Hz, thus
resulting in the quality factor of 109 ! The Ramsey zones (quality factor of 106 ) are used to
manipulate the internal atomic state with classical resonant microwave pulses. Here, we
can prepare the atoms in a coherent superposition of ground state |дi = |50Ci and excited
state |ei = |51Ci. The resonance frequency ωQ of this transition is close to that of the
cavity: ωQ ≈ ωC .
The circular atoms are detected by state-selective ionization. The atomic jet passes between the anode and the cathode of the detector, see Figure 3.2(a). The anode voltage
is fixed, while a voltage ramp is applied on the cathode. The circular states are close to

Figure 3.2.: State-selective ionization: a) detector drawing, b) potential ramp on the cathode
(up) and a typical signal recorded by the detector (down).
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the continuum threshold (high n), therefore, they are ionized by a moderate electric field,
around few Vcm−1 . The extracted electrons are guided through a hole in the center of the
anode, accelerated and focused by electrostatic lenses, and, finally, collected by a multiplier. The detector ensures single atom detection and resolves different circular states
(different n), see Figure 3.2(b).
All experimental parts, except for the oven and the velocity-selection chamber, are
inside a cryostat that keeps the set-up temperature at about 1.6 K by using pumped liquid 4 He. This brings the cavities into the superconducting regime of very low photonabsorption, reduces the contamination of the cavity vacuum field by thermal photons
(black body radiation), and improves the overall vacuum level in our setup.

3.2. QND measurement: counting photons in a box
Ramsey interferometer
Unlike conventional photodetection, the quantum non-demolition (QND) measurement
lets "count" photons without absorbing them [13]. The QND measurement of the photonnumber observable N̂ is based on the dispersive atom-cavity interaction. If the cavity is
sufficiently detuned, the interaction shifts the energy levels, but it does not modify the
eigenstates of a bare qubit Hamiltonian {|ei, |дi}. This translates into an accumulated
relative phase ϕ that grows linearly with the photon number n:
Ω02τint
,
ϕ = ϕ 0 (n + 1/2) with ϕ 0 =
2δ

(3.2)

where the atom-cavity detuning is δ = ωC − ωQ and τint is the atom-cavity interaction
time. By adjusting δ and the atomic velocity (and thus τint ), we can choose an appropriate
dephasing per photon ϕ 0 , e.g. π /2. The phase ϕ can be measured by means of a Ramsey
interferometer, see Figure 3.3.
The probability of detecting the atoms in state |дi or |ei, at the output of the Ramsey
interferometer, is given by
C
cos( (ϕr + ϕ 0 /2) + ϕ 0n ),
2
P (e | n, ϕr ) = 1 − P (д | n, ϕr ) ,

P (д | n, ϕr ) = y0 +

(3.3)
(3.4)

where ϕr , C and y0 are the interferometer phase, contrast, and offset, respectively. In the
ideal case, C = 1 and y0 = 0.5, nonetheless, these values are modified because of some
experimental imperfections, such as decoherence due to residual fields.
Ideally, each (QND) probing atom carries only one bit of information on the field inside
the cavity. A single atom can resolve between 2 photon-number states. We need extra
QND atoms, with different phases, to discriminate between additional photon numbers.
Moreover, if the contrast is reduced, each QND atom retrieves less information about
the cavity, requiring more QND atoms to determine the number of photons. To measure
the photon number distribution of an arbitrary cavity state we prepare it many times.
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Figure 3.3.: Ramsey interferometer in the Bloch-sphere
representation: a) π /2-pulse turns
√
|ei into superposition |+i = (|ei + |дi) / 2. b) the qubit acquires a phase shift per
photon ϕ 0 = π /2 after interaction time τint . c) the second π /2-pulse "stops" the
precession of the atomic spin. The final qubit state carries information about the
photon number.

Each state copy is then measured by a long sequence of QND atoms. Each atom is finally
detected in state |ei or |дi with probability P(a |n, ϕr ), where a ∈ {e, д} and ϕr is the
controlled interferometer phase.

MaxLike reconstruction algorithm
The maximum likelihood (MaxLike) estimation is a kind of optimization problem. We
prepare many identical copies of the target system, all them described by ρ̂ (0) , which
can be a statistical mixture. We measure a given observable, for example, the photon
M , where M is the
number n, on each copy, recording a set of independent results {Y (l) }l=1
number of system copies. We choose a test distribution Θ̂, and calculate the probability
M given the system is prepared in Θ̂, which is
of measuring the observed results {Y (l) }l=1
 
given by a likelihood functional P Θ̂ . The MaxLike algorithm consists in finding the
Θ̂(ML) that maximizes the likelihood functional, being approximately the system density
matrix ρ̂ (0) [18-19].
We can go a step further and apply a deterministic series of measurements to each
system copy l. If the measurements are performed at times t 1 < t 2 < ... < tul , we obtain
l
a set of outcomes { Yt(l)
}uj=1
, while the density matrix transforms as ρ̂ (0) → ρ̂ (1) ... → ρ̂ul .
j
We refer the time evolution a single system copy l as a quantum trajectory
l
γl =: { ρ̂ (j ; l) }uj=0
,

(3.5)

where the initial condition is ρ̂ (0 ; l) = ρ̂ (0) .An interesting example is monitoring the energy of a system that interacts with its environment. By measuring the energy operator
(ul )
Ĥ at different times { t j }j=1
, we track the quantum jumps in a single repetition of the experiment! Ideally, if the system is prepared in an energy eigenstate |ai, a single quantum
trajectory can reveal the complete time evolution of the system. On the other hand, if the
initial state is a statistical mixture ρ̂ (0) , we need many quantum trajectories to infer the
complete time evolution of the system, including its initial state.
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If the system contains some quantum coherence, measuring the energy alone does not
provide enough information. Similarly, if we can only probe the energy in a small subspace, i.e., through a QND measurement, we must measure additional quantities to reconstruct the full density matrix. Thus, the most general quantum trajectory involves a
deterministic sequence of different measurements.
Before moving forward, we must spend some words on the theory of generalized measurements. The projective measurements are described by the postulates of quantum mechanics [20]. Notwithstanding, most real measurements are not projective ones [21]. The
perfect example is the photon-number measurement by conventional photodetectors: the
measured field always ends up in vacuum, regardless the measurement outcome.
A generalized measurement is described by a set of trace-preserving Kraus operators
{M̂m j }, which are generally non-unitary and satisfy the closure relation [13]:
ul
Õ
j=1

M̂m† j M̂m j = Iˆ.

(3.6)

Each operator M̂m j is related to a measurement outcome m j . The observed measurement
transforms density matrix as follows
h
i
ρ̂ (1) = Lm j ρ̂ (0) = M̂m j ρ̂ (0) M̂m† j ,
(3.7)
where the probability of finding the outcome m j , conditioned on the initial state of the
system ρ̂ (0) , is given by
i
h
i

h

(0)
†
(0)
(0)
(3.8)
= Tr M̂m j ρ̂ M̂m j = Tr ρ̂ Êl ,
P m j | ρ̂
where Ê j = M̂ j† M̂ j is called POVM, standing for Positive-Operator-Valued Measurement. The POVMs corresponding to the QND measurement of the photon-number operator N̂ are shown below


C
(3.9)
Êд (ϕr ) = y0 + cos (ϕr + ϕ 0 /2) + ϕ 0 N̂ ,
2


C
Êe (ϕr ) = (1 − y0 ) − cos (ϕr + ϕ 0 /2) + ϕ 0 N̂ .
(3.10)
2
These equations already take into account the variation of the contrast C and offset y0 due
to experimental imperfections. Then, the probability of having n photons after detecting
a QND atom in state |ai (a ∈ {e, д}), conditioned on the initial state of the cavity ρ̂ (0) , is
given by




Tr La ρ̂ (0) |nihn|



(3.11)
P(n |a, ϕr ) =
Tr La ρ̂ (0)




Tr Êa |nihn| Tr ρ̂ (0) |nihn|
P(a |n, ϕr ) P(n)
 .
=
=


P a | ρ̂ (0)
Tr ρ̂ (0) Êa
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This equation is nothing but the classical Bayes rule! This is not a general result, and it
arises here only because of the very nature of the QND measurement [22].
A single quantum trajectory γl is determined by a series of QND atoms, labeled by a (l)
j ,
ul
that probe the photon number n at times { t j }j=1 . According to (3.11), the photon-number
distribution transforms after each detected atom as


(l)
(l)
(l)
(l)
P j+1 (n) = µ j+1P a j+1 n, ϕr j+1 P j(l) (n) ,
(3.12)


h
i
(l)
(j ; l)
= µ j+1 Tr La(l ) ρ̂
|nihn|
j+1

(l)
where µ j+1
is a normalization factor. By setting µ j(l) = 1, the likelihood functional is



P

Θ̂



=:

"
M
Ö
Õ
n

l=1

#
Pu(l)l (n) =

M
Ö
l=1

h
  i
Tr LT(l) Θ̂ IˆC

LT(l) = L (l)(l ) ◦ ... ◦ L (l)(l ) ◦ L (l)(l )
aul

a2

(3.13)
(3.14)

a1

where T = tul is the duration of the QND measurement, and ρ̂ (0 ; l) = Θ̂ is a test distribution.
We use a variation of the basic MaxLike algorithm based on the past quantum state
formalism [23]. Given two operators Â and B̂ and a quantum map M, we define an adjoint
map M† according to

 
   
Tr M Â B̂ = Tr Â M† B̂ .
(3.15)
Therefore, we calculate the MaxLike functional as
P



Θ̂



=

M
Ö
l=1

ET(l)

h
i
Tr Θ̂ ET(l) ,

(3.16)

 
 
=: LT(l) † IˆC = L (l)(l )† ◦ ... ◦ L (l)(l )† ◦ L (l)(l )† IˆC ,
a1

au

l −1

aul

(3.17)

where the effect matrix ET(l) is an adjoint map applied to the identity operator IˆC , thus,
being independent of the test distribution Θ̂. The effect matrix is a function of the meaul
sured outcomes {a (l)
j }j=1 in a single trajectory γl . This method was proposed by Pierre
Rouchon [24], and implemented in our experiment during the PhD thesis of Valentin
Metillon [25].
In practice, the extracted information per QND atom is lower than the ideal one-bit
limit, mainly because of the reduced contrast C and modified offset y0 of the Ramsey
fringe. Hundreds of QND atoms per trajectory are needed, making the QND measurement
long compared to the cavity relaxation time. We account for the cavity relaxation between
QND measurements with an additional quantum map K∆t , that is the solution of the
Lindblad master equation, taking into account the relaxation rate κ and the mean photon
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number of the background black-body radiation nb [25]. Therefore, an effect matrix is
calculated as
 
 
ET(l) =: MT(l) † IˆC = M(l)(l )† ◦ ... ◦ M(l)(l )† ◦ M(l)(l )† IˆC ,
(3.18)
a1

au

l −1

aul

M(l)(l ) =: L (l)(l ) ◦ K∆t j .

(3.19)

aj

aj

In summary, to reconstruct a target photon-number distribution, given by ρ̂ (0) , we prepare many identical copies, around 1000, and probe each one with a series of 800 QND
atoms. We use two interferometer phases, ϕr0 = 0 and −π /2, and alternate them for each
atom (i.e. 0, −π /2, 0, −π /2 . . . ) in order to resolve between 4 photon numbers: 0, 1, 2 and
3. Surprisingly, the cavity relaxation let us probe higher photon numbers beyond n = 3.
l≈1000 , depending only on the final state of
Next, we build a set of effect matrices { ET(l) }l=1
ul
(ML) is
the QND atoms {a (l)
j }j=1 in each trajectory γl . The reconstructed density matrix Θ̂
the one that maximises the logarithm of the likelihood functional P,
f



    1000
i
Õ  h

Θ̂ =: ln P Θ̂
=
ln Tr Θ̂ ET(l)
,

(3.20)

l=1

which is the best estimate of the target density matrix ρ̂ (0) , based upon the observed results. We typically reconstruct the photon-number distribution within a small subset of
n=7 , reducing the noise of the high-photon numbers with small probabilFock states {|ni}n=0
ity of occurrence. Our MaxLike reconstruction algorithm includes a method to calculate
the uncertainty of the photon-number probabilities δ P̄(n), and the uncertainty of the expectation value of any linear operator [24-26],
i
h
(ML)
.
(3.21)
δ hAi = δ Tr Â Θ̂
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4. "Cavity" quantum thermodynamics:
Autonomous Maxwell’s demon
In this section, I provide a detailed description of the main experiment: an autonomous
Maxwell’s demon. It is similar to the interaction of two reservoirs at different temperatures T1 and T2 , see Figure 4.1. Classically, we should expect the heat flow from the hot
reservoir to the cold one. However, the demon can extract some information and use it to
invert the natural direction of the heat flow. The ultimate purpose of the experiment is to
test a generalized version of the second law that takes information into account. Moreover, it applies to "finite" quantum systems.

4.1. Experimental protocol
We study the interaction between a single two-level system (qubit Q) and a single cavity mode (C) at different temperatures in the presence of a demon (D). Our experimental
protocol is fairly simple from the quantum optics standpoint. Nonetheless, it provides interesting insight onto the interplay between thermodynamic entropy and information, if
analysed with the quantum thermodynamics formalism. Indeed, our experiment resembles an information-driven quantum engine, that is alike the classical Szilard’s engine.
Our main experimental protocol consists of 4 steps: (1) thermal state preparation, (2)
demon readout of Q, (3) feedback exchange between Q and C, (4) joint state reconstruction. First, we prepare Q and C in thermal states with temperatures TQ and TC , respectively. Second, the atoms are pumped from state |дi to auxiliary state | f i, off-resonant

Figure 4.1.: Maxwell’s demon meets cavity QED: Qubit Q, initially in state |дi, is "warmed"
up to temperature TQ . Then, it interacts with cavity C, prepared at temperature TC .
Demon D can prevent Q from absorbing energy in C.
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to C, thus preventing Q from absorbing energy from C. Third, we let Q and C exchange
one photon excitation depending on their states. Finally, we measure the state of Q and
D, and we reconstruct the photon number distribution in C. In the following, we present
a detailed description of every step, see Figure 4.2.
The concept of temperature in quantum thermodynamics is very similar to its counterpart in statistical physics. According to Boltzmann, the probability of finding the system
in the level |mi, in thermal equilibrium, decreases exponentially with its energy Em :


Em
−1
P(m) = Z exp −
= Z −1 exp(−βEm ) = exp(−βEm + F ).
(4.1)
kBT
The normalization parameter Z is partition function defined as
Õ
Z = exp(−F ) =
exp(−βEm ),

(4.2)

m=0

where F is free energy. In the case of a qubit with states |0i and |1i at temperature βQ ,
we get
1
Q
(4.3)
P βQ (1) = hnQ i =
exp(βQ ~ωQ /kB ) + 1
with the qubit occupancy hnQ i. From now on, for the sake of simplicity, we consider
~ωQ = ~ωC = kB = 1. The qubit’s thermal state is then a statistical mixture of two pure

Figure 4.2.: Autonomous Maxwell’s demon protocol: The top part shows the time-ordered
stages of the protocol: thermal state preparation (of C and Q), demon readout, feedback exchange, and joint state reconstruction. The bottom part represents the experimental setup, indicating where the stages are spatially located.
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states with the corresponding probabilities:
Q

Q

Q

ĜβQ = P βQ (0) |0ih0| + P βQ (1) |1ih1|.

(4.4)

Using (4.3), we get for the temperature



1 − hnQ i
βQ = ln
.
hnQ i

(4.5)

By applying the same formalism to C at temperature βC , we get
P βCC (n) = (1 − e −βC ) e −n βC =

hnC in
( hnC i + 1 )n+1

(4.6)

with the thermal (mean) photon number
hnC i =

e βC

1
−1

(4.7)

The cavity thermal photon-number distribution and the corresponding temperature read
ĜβCC
βC

=

∞
Õ
n=0

P βCC (n) |nihn|,

(4.8)


1 + hnC i
.
= ln
hnC i


(4.9)
Q

Note, that the case TQ = 0 (resp. TC = 0 ) corresponds to P βQ (0) = 1 and hnQ i = 0 (resp.
Q

Q

P βCC (0) = 1 and hnC i = 0 ). Also, TQ → ∞ (i.e. βQ → 0 ) implies P βQ (0) = P βQ (1) = 1/2.

We set the initial qubit temperature βQ with a resonant microwave pulse applied to
Q in state |дi in Ramsey zone 1 (R1 ), see Figure 4.2. The population of the excited state
depends on the pulse duration t as
hnQ (t)i = PQ (e) =

C
(1 − cos (Ωt) ) .
2

(4.10)

The qubit temperature is them calculated with (4.5) and controlled with t.
The initialization of the cavity is conceptually more involved, although it is easy to implement. Every experimental sequence is started with erasing residual cavity field with
a dense stream of resonant ground-state atoms. We inject a series of several coherent microwave pulses with random phases, so that the cavity field undergoes a random walk in
phase space. As a consequence, the mean photon number hnC i does not grow quadratically with time, as it does for coherent pumping, but it increases linearly with the injection
time tinj . This is a signature of an incoherent injection. The inverse cavity temperature is
then given by (4.9).
Typically, we apply 10 pulses of 100 µs duration. We do not know hnC (tinj ) i a priori, thus, we have to measure the photon-number distribution to calibrate hnC i and thus
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Figure 4.3.: Cavity thermal state: Blue points are reconstructed populations P βCC (n). Solid line is
a fit with Bolzmann distribution (4.6). The reconstructed distribution is not perfectly
thermal due to the fluctuations of the high-photon numbers. It is difficult to acquire
enough data to reconstruct the photon numbers with small probability (occupation).

βC . Figure 4.3 shows the reconstructed photon-number distribution after the incoherent
pumping of C. From the thermal field fit the calculated temperature is βC ≈ 0.904. This
value is used in the calculation of all thermodynamic quantities in this report. Note that
the reconstructed mean photon number hnC i is not the same as the fitted thermal photon number nTh . This discrepancy originates from the noise of higher photon numbers
(n = 4, 5, . . . ).
Before the interaction with the cavity, a resonant microwave π -pulse transfers the population of |дi to lower-lying circular level | f i = |49Ci. The frequency of the |дi → | f i
transition is ωD /2π = 54 GHz, and it is largely detuned with respect to the cavity resonance: ωD − ωC ≈ 2π · 3 GHz  κ = 2π · 25 Hz (cavity bandwidth). The atom in | f i does
not thus exchange the energy with C. We maximize the efficiency of the demon readout,
i.e. the population transfer from |дi to | f i, by properly adjusting the duration and the
power of the microwave pulse. This readout is performed in the Ramsey zone 2 (R2 ).
We induce the energy exchange between the atom and the cavity through a fast adiabatic passage. By shifting the atom frequency with respect to the cavity one and by going
from far negative detuning to far positive, we force a deterministic energy exchange between Q and C. Deterministic means that Q in state |дi absorbs a photon, passing to state
|ei, and vice versa. The atomic frequency is easily controlled by the external electric field
via quadratic Stark effect of the circular Rydberg levels [27]. The field can be produced by
applying a controlled voltage through cavity mirrors, acting here as metallic electrodes.
In the experiment, we realize the adiabatic passage transfer by applying a voltage ramp
with amplitude of several volts and duration of several tens µs.
After the interaction, the atomic state is directly detected by state-selective ionization. The cavity photon number is measured via a QND measurement using 800 QND
probes. We repeat each protocol several thousands of times. We reconstruct the photonnumber distribution from all protocol realizations conditioned on the detected atomic
state PC (n|a), where a ∈ {e, д, f }. We can also reconstruct the reduce photon-number
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Figure 4.4: Atom-to-Qubit-Demon mapping: three real atomic levels
{|ei, |дi, | f i} are mapped into
qubit-demon joint states. The demon is represented as a single-bit
memory (purple square), which
keeps record of the qubit state.

distribution PC (n) by considering all realizations.

4.2. Theoretical description
We move on theoretical description of the protocol. We have two main motivations for
this: making numerical simulations to compare our experimental results, and gaining
more insight on the measurements by deriving some simple analytical expressions.

Thermal state preparation
First of all, the initial state of the cavity is a a thermal distribution ĜβCC with temperature
βC as the initial state of the cavity (4.8). The the initial state of the atom as ρ̂a(0) = |дihд|.
From now on, we are going to map the three atomic levels {|ei, |дi, | f i} into a subspace
of a two-qubit Hilbert space (see Figure 4.4). We refer to this "logic basis" as qubit-demon,
(0)
or QD-basis for short. Then, ρ̂QD
= ρ̂a(0) = |0Q 1D ih0Q 1D |. We model the qubit preparation
with the aid of an unitary transformation Û, a rotation matrix, in this case:
p
p

q
q
1
−
hn
i
−
hn
i
Q
Q
p
p
ÛTh (θ ) = 1 − hnQ i IˆQ − i hnQ i σ̂Y =
hnQ i
1 − hnQ i

(4.11)

where hnQ i is given by (4.10) and IˆQ = IˆD = Iˆ2 is the identity operator in a two-dimensional
Hilbert space. The previous equation is specially useful to account for the experimental
imperfections, such as detection errors and radiative relaxation, which reduce the contrast C and vary the phase of the Rabi fringe (4.10). The QD-density matrix transforms
according to




(Th)
(0)
†
ρ̂QD
= ÛTh ⊗ IˆD ρ̂QD
ÛTh
⊗ IˆD
(4.12)
(Th)
ρ̂QD
= hnQ i |1Q 1D ih1Q 1D | + (1 − hnQ i) |0Q 1D ih0Q 1D |
q
− hnQ i(1 − hnQ i) ( |1Q 1D ih0Q 1D | + |0Q 1D ih1Q 1D | )

(4.13)

≈ hnQ i |1Q 1D ih1Q 1D | + (1 − hnQ i) |0Q 1D ih0Q 1D |
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Although the qubit has non-vanishing coherences, we are not able to track them all along
the experiment, and they are lost when we average several protocol repetitions. We will
neglect the coherence, for simplicity. The joint QDC-density matrix reads:
(Th)
(Th)
(βQ ) ⊗ ĜβCC
= ρ̂QD
ρ̂QDC

(4.14)

Demon readout
The readout step is implemented by an unitary transformation ÛR , where R stands for
readout:
ÛR = |1Q ih1Q | ⊗ IˆD − i |0Q ih0Q | ⊗ σ̂Y
(4.15)
The QD-density matrix transforms as
(R)
(Th)
(Th)
ρ̂QD
= ηD ( ÛR ρ̂QD
ÛR† ) + (1 − ηD ) ρ̂QD

(4.16)

(R)
ρ̂QD
= hnQ i |1Q 1D ih1Q 1D | + (1 − ηD ) (1 − hnQ i) |0Q 1D ih0Q 1D |

(4.17)

+ ηD (1 − hnQ i) |0Q 0D ih0Q 0D |
(R)
(R)
ρ̂QDC
= ρ̂QD
(βQ ) ⊗ ĜβCC

(4.18)

there, we have applied the theory of generalized measurements to account for an imperfect pulse, ηD is the pulse efficiency (∼ 0.90). The red, blue and cyan colors correspond
(R)
to |ei, |дi and | f i, respectively. ρ̂QDC
is the QDC-density matrix after readout (before
feedback).
Before the qubit interacts with the cavity, the sneaky demon reads the qubit and it
records the information in its memory ( Figure 4.2 ). The entropy of the demon memory
increases, suggesting the raise of the total entropy. However, the total entropy is preserved under unitary evolution! Indeed, a kind of "negative entropy" compensates the
entropy gain. The negative entropy is nothing but the correlation between the demon
memory and the qubit!

Feedback exchange
The feedback exchange is modeled with an unitary transformation ÛF :
ÛF = ( σ̂− ⊗ |1D ih1D | ⊗ b̂+ ) + ( σ̂+ ⊗ |1D ih1D | ⊗ b̂− )
+ ( |0Q ih0Q | ⊗ |1D ih1D | ⊗ ψˆ0 ) + ( IˆQ ⊗ |0D ih0D | ⊗ IˆC )

(4.19)

b̂+ |ni = |n + 1i, b̂− |ni = |n − 1i, b̂+ = b̂−†
σ̂+ |0i = |1i, σ̂− |1i = |0i, σ̂+ = σ̂−†

(4.20)
(4.21)

where ψˆ0 = |0C ih0C | is the cavity vacuum field. The QDC-density matrix transforms
according to:
(F )
(Th)
ρ̂QDC
= ÛF ρ̂QDC
ÛF†
(4.22)
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The red term (first one) rises the higher photon numbers, acting as a "heat gain". Oppositely, the blue term (second one) diminishes hnC i, being a "heat loss". The condition gain
equal losses can define the thermal equilibrium. The last term stands for the absence
of interaction if D is in state |0D i. Last but not least, the third term is related to ψˆ0 , which
imposes a fundamental constrain on the "efficiency" of D, as we will soon realize.
The joint QC-density matrices after feedback are given by
P (OF F ) (n, 1Q )

= (1 − hnQ i ) P βCC (n + 1)

P (OF F ) (n, 0Q )

=

hnQ i P βCC (n − 1)

∀n

n≥1

(4.23)

P (OF F ) (0, 0Q ) = (1 − hnQ i ) P βCC (0)
P (ON ) (n, 1Q )

= (1 − ηD ) (1 − hnQ i ) P βCC (n + 1)

P (ON ) (n, 0Q )

=

∀n

hnQ i P βCC (n − 1) + ηD (1 − hnQ i ) P βCC (n)

n≥1

(4.24)

P (ON ) (0, 0Q ) = (1 − hnQ i ) P βCC (0)
where OFF and ON indicate the absence or presence of D. The effect of D is essentially
decreasing the "heat loss" of C by a factor of 1 − ηD , the probability that the D misses Q
in state |0Q i. Since the Q-C interaction is conditioned on the state of D, we can think of
it as a feedback operation, where D trades information to extract more heat from Q, i.g.,
increasing or decreasing the thermodynamic entropy production of QC system.

Reality check
In the real world, we are limited by the experimental errors, in this case, radiative relaxation of the atom and detection errors. In case of radiative relaxation, we neglect the
atomic coherences, and solve a system of rate equations:
d
ρee = −Γ0 ρee ,
dt
d
ρдд = −Γ0 ρдд + Γ0 ρee ,
dt
d
ρ f f = −Γ0 ρ f f + Γ0 ρдд,
dt

(4.25)

where the trace Tr [ρ̂] = ρee + ρдд + ρ f f = 1. The natural life-time of the Rydberg atoms
is T0 = 1/Γ0 ≈ 30 ms. The solutions, without normalization, are
ρee = ρee (0)e −Γ0t ,

ρee (0) (Γ0t) + ρдд (0) e −Γ0t ,

ρдд =
ρf f

=



(4.26)


1
ρee (0) (Γ0t)2 + ρдд (0) (Γ0t) + ρ f f (0) e −Γ0t .
2
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We normalize the solutions by dividing by the trace. This essentially removes the exponential term. The flying time of an atom between a pair of stages of the experimental
setup is given by
xS − xS1
∆tS1, S2 = 2
,
(4.27)
hvi
where xS2 −xS1 is the distance between sections S 2 and S 1 , and hvi ≈ 250 ms−1 is the mean
atomic velocity. We calculate the change of atomic populations because of radiative decay,
between each pair of stages Figure 3.1, by using equations (4.26) and (4.27).
The imperfect detector is modelled by a Kraus map (generalized measurement)
Õ
†
Ldet [ ρ̂ ] =
M̂b←a ρ̂ M̂b←a
,
(4.28)
a,b

M̂b←a = ϵb←a |biha|,

(4.29)

where a, b ∈ {e, д, f } and ϵb←a is the probability of detecting an atom in state |bi given
that the atom is in state |ai. Moreover, the closure relation (3.6) implies that
Õ
ϵa←a = 1 −
ϵb←a .
(4.30)
b (b,a)

In our case
ϵb←e = 0.020 δb,д + 0.980 δb,e
ϵb←д = 0.070 δb,e + 0.020 δb,f + 0.91 δb,д
ϵb←f

(4.31)

= 0.070 δb,д + 0.035 δb,e + 0.895 δb,f

Thermodynamics quantities
(Th)
(R)
(OF F )
(ON )
The experimental data lets us determine: Ĝβ(C)
, ρ̂QD
, ρ̂QD
, ρ̂QDC
, and ρ̂QDC
. In the folC
lowing, we will apply the quantum thermodynamics formalism to calculate the change of
some interesting quantities after the feedback exchange: heat Q, (Shannon) entropy S,
(mutual) information I and "relative" entropy D. We will calculate the variations
(OF F )
(Th)
(ON )
(R)
between either ρ̂QDC
with respect to ρ̂QDC
(demon absent) or ρ̂QDC
with respect to ρ̂QDC
(demon present).

The heat exchange of C is any change of mean energy because of a local variation of
the photon number distribution:
h
i
h
i
h
i
QC = Tr ĤC ∆ρ̂C = Tr ĤC ρ̂C(F ) − Tr ĤC ρ̂C(R)
(4.32)
The heat exchange of Q is similarly defined. In general, we extract local information on
a part A of a joint system AB, by applying a partial trace of B to the joint density matrix
Í
ρ̂AB . Given ρ̂AB = (a,b) P(a, b) |a, biha, b |, the reduced density matrix of subsystem A
is
"
#
Õ Õ
ρ̂A = TrB [ ρ̂AB ] =:
P(a, b) |aiha|
(4.33)
a
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where TrB is the partial trace with respect to part B. A reduced density matrix generally
contains less information than the joint density matrix, since it does not keep record of
the correlations between subsystems A and B.
We have seen previously that the demon generates a negative thermodynamic entropy
production. Is there any way to save the Second law? I think the answer is NO. Instead, the
aim is finding a generalized second law that accounts for information exchange. Given
Í
a system described by an arbitrary density matrix ρ̂ = m P(m) |mihm|, we define the
Shannon entropy, also called information entropy, as it follows:
Õ
S[ ρ̂ ] =: −
P(m) ln( P(m) )
(4.34)
m

The Shannon entropy is like the classical entropy of a quantum system. However, quantum
systems have non-classical correlations (entanglement). The von Neumann entropy,
S [ ρ̂ ] =: −Tr[ ρ̂ ln(ρ̂) ],

(4.35)

is a more general definition of entropy. We immediately notice that the von Neumann
entropy of a pure state is 0! Moreover, the von Neumann entropy is invariant under unitary transformations. The von Neumann entropy and Shannon entropy are equal if the
density matrix has vanishing coherences (only carries classical information), which is our
case.
The mutual information I between the demon and the qubit-cavity subsystem is




IQC:D [ ρ̂QDC ] =: S ρ̂QC + S [ρ̂ D ] − S ρ̂QDC .
(4.36)
In general, IA:B measures the strength of the correlation between A and B.

Generalized second law
We propose the following generalized (weak) second law
∆SQC − ∆IQC:D

> 0,

∆SQC =: ∆QC ∆β

(4.37)
(4.38)

where ∆SQC is the thermodynamic entropy production of QC system. The correlation
is considered as negative entropy, since the reduction ∆IQC:D < 0 is equivalent to an
increase of ∆SQC . In our protocol, we know the exact relation between S and I, a stronger
second law which reads:
∆SQC − ∆IQ:D = ∆DQC > 0
(4.39)
i
h
i


Q
Q
D ρ̂QC || ĜβQ ⊗ ĜβCC
=: −Tr ρ̂QC ln( ĜβQ ⊗ ĜβCC ) − S ρ̂QC
(4.40)
h
i
h
i


Q
= D ρ̂Q || ĜβQ + D ρ̂C || ĜβCC + IQ:C ρ̂QC
h
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where D is the relative entropy and it is strictly positive.
The “strong" second law is the main theoretical result underlying our experiment. Its
proof is involved and such a good piece of theoretical work was proposed by our colleagues Patrice Camati and Alexia Auffeves. We were in close collaboration with them
all along the project. They also proposed the protocols that we implemented here. I will
briefly sketch the proof in an incoming section.

4.3. Theoretical relation between thermodynamic entropy
and information
In the present section, I present a proof of the "strong" generalized second law, as well as
an intuitive analysis of the heat exchange and mutual information change, resulting in a
justification of the weak second law.

Brief incursion into information theory
We first start with a brief discussion on the mathematical definition of information and some
of its properties. This subsection is based on the book "Science and Information Theory" of
Léon Brillouin [28].
The first step is providing a formal definition of information. Let us consider a machine
Ψ generating a series of values χ 1, χ 2, χ 3 ... with a probability distribution P(χ ), where
χ j has M possible values. We have the task to design a protocol to sort each character χ j
into one out of M bins. Let’s say that M = 2k . Our first approach can be a tree-like sorting
algorithm, where each branch represents a yes-or-no question, a single bit of information.
If we consider a symmetric tree, we need "k" branches to sort each character χ j . Thus, we
can define the information per character to be I = loд2 (M) = k.
Now, we can rise the following question: is our algorithm efficient? If P(χ j ) = 1/M,
yes, indeed our algorithm is the best we can do. However, as soon as P(χ ) is not homogeneously distributed, we can find ways to do better. Let us say that the P(χ1 ) = max {P(χ )}
and P(χM ) = min{P(χ )}. We can improve a bit our algorithm by "shortening" the number
of branches that we need to reach χ1 and "enlarging" the number of branches that are
required to reach χM .
Let us consider an illustrative example. A machine Ψ1 with M = 4, where P(χ1 ) = 1/2,
P(χ 2 ) = 1/4 and P(χ 3 ) = P(χ4 ) = 1/8. We design a protocol A with a single branch to
reach χ1 , two branches to reach χ 2 and three branches to reach χ 3 and χ 4 . Therefore,
our "tree" has three levels of branches. We test the protocol A against the symmetric protocol S, which only has two levels of branches. At a first glance it might seems that S is
more efficient than A. Nonetheless, we must find an appropriate quantity to compare both
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algorithms. We will use the average number of branches per character, which is equivalent to the average information per character, according to our definition of information.
Í
We find that hkiS = hIiS = 4j=1 k j(S)PS (χ j ) = 2(1/2 + 1/4 + 1/8 + 1/8) = 2 and
hkiA = hIiA = 1/2 + 2(1/4) + 3(1/8 + 1/8) = 7/4 → hIiA < hIiS . Can we conclude
that protocol A is more efficient? The answer is not so simple. Now, let us calculate the
information per character of a machine Ψ2 , such that P(χ j ) = 1/4. We find that hI iS = 2,
while hI iA = 9/4! The interpretation that I prefer is that Ψ2 generates more information
than Ψ1 , thus, we can find a more efficient algorithm to sort the characters of Ψ1 .
There is still a problem with our definition of information. It depends on the structure
of our tree-like sorting algorithm. The definition of information that we are going to use
is due to Shannon,
M
Õ
I [P] = −
P(j) ln( P(j) ),
(4.41)
j=1

it is independent of the "sorting" algorithm and it has some interesting properties that we
will discuss next. The Shannon entropy sets a lower bound to the information that we
can extract. Given two probability distributions P(j) and Q(l), they verify the inequality
−

M
Õ
j=1

P(j) ln( Q(j) ) ≥ −

M
Õ

P(j) ln( P(j) ) = I [P].

(4.42)

j=1

Another interesting property is that P(j) = 1/M is the maximum-information distribution. This means that any constrain on P(j), such as non homogeneous probabilities,
reduces the amount of information. We can say that P(j) carries less information since
some information is stored in the constrains. This interpretation will be specially useful
when we discuss about joint events and classical correlations.
Given two sets of possible events A and B, P(a, b) describes the probability of observing
both a ϵ A and b ϵ B. The reduced or marginal distributions are obtained by considering
Í
one kind of event as independent from the other P(a) = b P(a, b). The marginal probabilities satisfy another useful inequality
I [ P(a) ] + I [ P(b) ] ≥ I [ P(a, b) ].

(4.43)

The equality is reached when P(a, b) = P(a) P(b), and we say that the events of A and B
are statistically independent.
The previous result looks a bit confusing, since P(a) and P(b) were both derived from
P(a, b), thus, they should contain no more information than P(a, b) itself! However, if we
look at the events of A independently from the events of B, the information of the global
system seems to be higher. The "missing information" is initially stored in the correlations
between the events of A and B
IA : B = I [ P(a) ] + I [ P(b) ] − I [ P(a, b) ]

(4.44)
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where IA : B is the mutual information between events of A and B. If A ⊗ B represents
the joint states of two interacting systems A and B, IA:B indicates how strongly correlated
are subsystems A and B. Therefore, A and B are not correlated when P(a, b) = P(a) P(b),
since IA:B = 0.

Proof of the "strong" generalized second law
The importance of this proof should not be underestimated, since it lies at the heart of
the present experiment.
The density matrix of a thermal state can be written as


Ĝβ = exp −β Ĥ + F ,

(4.45)

which is the Boltzmann distribution (4.1) adapted to the formalism of quantum mechanics.
The free energy F is parameterized by the inverse temperature β and the Hamiltonian
Ĥ as follows
h
h

ii
F = − ln Tr exp −β Ĥ
.
(4.46)
We use equation (4.40) to calculate the relative entropy D of a system Q, described by ρ̂,
with respect to a reference thermal distribution Ĝβ :
h
i
D ρ̂ Ĝβ = β hEi − F − S [ ρ̂ ] .
(4.47)
This equation reveals a fundamental link between the mean energy hEi, the inverse temperature β, and the (von Neumann) information entropy S. If we consider a process, where
the density matrix changes from ρ̂ (1) to ρ̂ (2) , but the Hamiltonian remains invariant, e.g.,
a fast interaction with an external system; then, the change of relative entropy is
∆D = β Q + ∆S.

(4.48)

According to (4.46), the free energy remains invariant ∆F = 0, and the variation of the
mean energy can only be caused by a change of the density matrix,
h
i
∆hEi = Tr ∆ρ̂ Ĥ = Q,
(4.49)
which is our definition of heat (4.32).
The relative entropy of the QDC system, described by ρ̂QDC , with respect to a reference
Q
thermal distribution ĜβQ ⊗ ĜβDD ⊗ ĜβCC is given by
h
i
h
h
ii
Q
Q
DQDC =: D ρ̂QDC ĜβQ ⊗ ĜβDD ⊗ ĜβCC = −Tr QDC ρ̂QDC ln ĜβQ
(4.50)
h
h
ii
h
h
ii
D
C
−Tr QDC ρ̂QDC ln Ĝβ D
− Tr QDC ρ̂QDC ln ĜβC
− SQDC
= DQ + DD + DC + IQ:D:C ,
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where the relative entropy of the individual components, e.g., DQ , is given by equation
(4.40), and the total mutual information of the QDC system IQ:D:C is
IQ:D:C =: SQ + S D + SC − SQDC .

(4.52)

The equation (4.51) implies that DQDC is a generalized entropy, that takes into account
the local entropy of each party as well as the non-local entropy stored in the correlation
between them.
We find a similar expression for the relative entropy of the QC subsystem
DQC = DQ + DC + IQ:C .

(4.53)

By substituting this equation into (4.51), we obtain
DQDC = DQC + DD + IQC:D ,

(4.54)

where IQC:D is the mutual information between D and the QC subsystem
IQC:D =: IQ:D:C − IQ:C = SQC + S D − SQDC .

(4.55)

From equations (4.48), (4.51) and (4.54), we determine the change of relative entropy of
the QDC system after the feedback energy exchange
∆DQDC = ∆DQC + ∆DD + ∆IQC:D
= ∆DQ + ∆DD + ∆DC + ∆IQCD


= βQ QQ + βC QC + ∆DD + ∆S D − ∆SQDC .
Since the Q-C interaction is given by an unitary transformation ÛF , the global entropy
is unchanged ∆SQDC = 0, and the energy is conserved ∆hEiQC = QQ + QC = 0, implying
that QQ = −QC . Moreover, the state of the demon memory is not affected during the interaction, resulting in ∆S D = 0. By applying all these arguments to the previous equation,
we finally derive the "strong" generalized second law, after doing a bit of algebra,
∆β QC − ∆IQC:D − ∆DQC = 0 .

(4.56)

Intuitive approach to the "weak" generalized second law
(OF F )
(ON )
We recall the final QDC-density matrices ρ̂QDC
and ρ̂QDC

P (OF F ) (n, 1Q )

= (1 − hnQ i ) P βCC (n + 1)

P (OF F ) (n, 0Q )

=

hnQ i P βCC (n − 1)

∀n

n≥1

P (OF F ) (0, 0Q ) = (1 − hnQ i ) P βCC (0)
P (ON ) (n, 1Q )

= (1 − ηD ) (1 − hnQ i ) P βCC (n + 1)

P (ON ) (n, 0Q )

=

∀n

hnQ i P βCC (n − 1) + ηD (1 − hnQ i ) P βCC (n)

n≥1

P (ON ) (0, 0Q ) = (1 − hnQ i ) P βCC (0)
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We introduce the heat gain QG and the heat loss QL
QG(OF F ) =: hnQ i

∞
Õ
n=1

n ( P βCC (n − 1) − P βCC (n) )

= hnQ i,

(4.57)

QL(OF F ) =: (1 − hnQ i )

∞
Õ
n=1

n ( P βCC (n) − P βCC (n + 1) )

= (1 − hnQ i ) ( 1 − P βCC (0) ) =

(1 − hnQ i ) hnC i
(1 + hnC i )

= hnQ i e −∆β ,

(4.58)

QG(ON ) = QG(OF F ),

(4.59)

QL(ON ) = (1 − ηD ) QL(OF F ),

(4.60)

As previously mentioned, the demon reduces the cavity losses by a factor 1 − ηD , where
ηD is the demon readout efficiency. The difference of inverse temperatures is
∆β =: βC − βQ =

1
1
−
.
TC TQ

(4.61)

We write the heat exchanged of C without demon readout as
h
i

(OF F )
OF F
C
QC
= Tr ĤC ρ̂C − ĜβC


(OF F )
(OF F )
−∆β
= QG
− QL
= hnQ i 1 − e
.

(4.62)

The thermodynamic entropy production is given by


(OF F )
−∆β
∆SQC = hnQ i 1 − e
∆β > 0.

(4.63)

We find a similar equation when the demon is present,
h

i
QC(ON ) = Tr ĤC ρ̂CON − ĜβCC


0
= QG(ON ) − QL(ON ) = hnQ i 1 − e −∆β ,

(4.64)

where
∆β 0 =: ∆β + βD
βD =: − ln ( 1 − ηD ) ≥ 0.

(4.65)
(4.66)

We define the thermal equilibrium with the condition: gain equal losses,
QG = QL,
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which means no heat exchange between Q and C, QC = QQ = 0. When demon is absent,
(OF F )
the thermal equilibrium is reached at TC = TQ ( or ∆β TE
= 0 ), as expected. However,
when the demon is present, the thermal equilibrium is reached at ∆β 0 = 0, which implies
that
(ON )
∆β TE
= −βD = ln(1 − ηD ) < 0 .
(4.68)
Therefore, the demon effectively shifts the thermal equilibrium! The effective inverse
temperature of C is
βC0 = βC + βD ≥ βC .
(4.69)
The thermal equilibrium is reached at βQ = βC0 , meaning that C is effectively colder! When
(ON )
∆β TE
< ∆β < 0,

(4.70)

the thermodynamic entropy production is negative, thus, the demon has apparently violated the classical second law!
When the demon is absent, we define four interesting limiting cases: TQ ≈ TC (or
∆β ≈ 0 ), TQ → 0+ (or ∆β → −∞ ), TQ → ∞ (or ∆β → βC ), and TQ → 0− (or
∆β → −∞). In the first case,
QC(OF F ) ≈ hnQ (βC )i ∆β ,

(4.71)

thus, the thermodynamic entropy production grows quadratically with ∆β,
∆SC(OF F ) ≈ hnQ (βC )i (∆β)2 .

(4.72)

In the second limiting case, TQ → 0+ , the qubit is approximately in state |0Q i, and


QC(OF F ) ≈ e −βQ 1 − e −βC +βQ
= −

hnC i
= −hnC i P βCC (0) < 0.
hnC i + 1

(4.73)

The vacuum field constrains the maximum heat extraction hnC i by a factor of P βCC (0),
the probability of having the vacuum field, given that the cavity is in a thermal state.
Moreover, ∆SC(OF F ) linearly diverges to infinity, because ∆β → −∞.
Q
In the case TQ → ∞, hnQ i = P βQ (1) = 1/2, and
QC(OF F ) ≈


1
1 − e −βC .
2

(4.74)

Finally, the limiting case TQ → 0− , implies that the qubit is approximately in state |1Q i,
and
QC(OF F ) ≈ hnQ i ≈ 1,
(4.75)
(OF F )
the maximum heat gain is one photon! The thermodynamic entropy production ∆SQC
diverges to infinity, linearly with ∆β, faster than the limit ∆β → −∞.

37

4. "Cavity" quantum thermodynamics: Autonomous Maxwell’s demon
We now calculate the heat exchange of C in the same limiting cases when the demon
is present. In the first case, TQ ≈ TC ,
QC(ON ) ≈ hnQ (βC )i ( 1 − ( 1 − ηD ) ( 1 − ∆β ) )
= ηD hnQ (βC )i + (1 − ηD ) QC(OF F ) (∆β)

(4.76)

thus, the heat exchange of C at ∆β = 0 is
QC = ηD hnQ (βC )i ≈ hnQ (βC )i
.

(4.77)

In the second limiting case, TQ → 0+ , the qubit is approximately in state |0Q i, and


0
QC(ON ) ≈ e −βQ 1 − e −βC +βQ ≈ 0.
(4.78)

Therefore, the demon prevents any interaction between the qubit and the cavity!
Q
In the case TQ → ∞, hnQ i = P βQ (1) = 1/2, and
QC(ON ) ≈

 1
0
1
1 − e −βC ≈ .
2
2

(4.79)

We thus see that the demon filters the low-energy qubits, so that the heat exchange of the
Q
cavity is approximately the probability of finding the qubit in the excited state P βQ (1).
Finally, the limiting case TQ → 0− , implies that the qubit is approximately in state |1Q i,
and
QC(ON ) = QC(OF F ) ≈ hnQ i ≈ 1,
(4.80)
the maximum heat gain is still one photon!
Our approach will be searching a relation between the thermodynamic entropy production and the correlations between the qubit and the demon. The information entropy
of the QD system before the readout is
(Th)
S[ ρ̂QD
] = S[ ρ̂Q(Th) ] = H [ hnQ i ] ,

(4.81)

where H [ hnQ i ] is the Shannon entropy of a qubit. The demon memory is initially in a
pure state, then, S[ ρ̂ D(Th) ] = 0. Let us consider an ideal readout (ηD = 1),

This means that

(R)
ρ̂QD
= hnQ i |1Q 1D ih1Q 1D | + (1 − hni ) |0Q 0D ih0Q 0D | .

(4.82)

h
i
h
i
h
i


(R)
S ρ̂ D(R) = S ρ̂Q(R) = S ρ̂QD
= H hnQ i ,

(4.83)

therefore, the readout correlates Q and D, meaning that
(R)
IQ:D
= H [ hnQ i ] .
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(4.84)

4.3. Theoretical relation between thermodynamic entropy and information
After the feedback energy exchange, the reduced QD-density matrix is
(F )
ρ̂QD
= hnQ i |0Q 1D ih0Q 1D | + (1 − hni ) |0Q 0D ih0Q 0D | ,

(4.85)

which means that
S

h

ρ̂ D(ON )

i

=S

h

(ON )
ρ̂QD

i



= H hnQ i .

(4.86)

h
i
The qubit is in a pure state |0Q i, and S ρ̂Q(ON ) = 0. Thus, Q and D are not correlated
anymore,
(F )
IQ:D
= 0.

(4.87)

(R)
∆IQ:D = −IQ:D
= −H [ hnQ i ]

(4.88)

The information balance is

Our conjecture is that the information consumption safely compensates the negative
thermodynamic entropy production: the "weak" second law, ∆SQC − ∆IQ:D ≥ 0. We
Q
calculate the Shannon entropy of a qubit in a thermal distribution ĜβQ ,
h
i
Q
Q
H (βQ ) = −Tr ĜβQ ln( ĜβQ ) = βQ hEiQ − F
= βQ ( hnQ i − 1/2) − F (βQ ) ,

(4.89)

where the free energy is given by

i


h
= ln e +βQ /2 + e −βQ /2
−F (βQ ) = ln Tr e −βQ ĤQ
 1



1
Q
=
βQ + ln 1 + e −βQ = βQ − ln P βQ (0) ≥ ln(2) .
2
2

(4.90)

The thermodynamic entropy production of the QC system, in the ideal-readout case, is

(ON )
∆SQC
= QCON ∆β = hnQ i βC − βQ .

(4.91)

By substituting the Shannon entropy of the qubit (4.89) into the previous equation, we
find the so desired result
∆SQC − ∆IQ:D = hnQ i(βC − βQ ) + H (βQ )


Q
= βC hnQ i − ln P βQ (0) > 0

(4.92)
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5. Results and discussion
In this section I present the main results of my internship. First, we analyze the protocol
from the quantum optics standpoint. Next, we discuss on the change of thermodynamic
quantities after the feedback exchanged, conditioned on the demon readout.

5.1. Quantum optics approach
Demon is absent
Here, we discuss on the conventional energy exchange between Q and C, at temperatures
βQ and βC . We detect the initial and final state of Q, after exchanging energy with C. We
induce Rabi oscillation between states |дi and |ei, starting with Q in state |дi, to set βQ
as function of t. The temperature of C βC is fixed.
Figure 5.1(a) presents the probability P(a) to detect the atom in one of its three states
(a ∈ { f , д, e}) depending on the pulse duration tQ . The observed Rabi frequency is 77 kHz.
At time tQ = 0 some atoms are detected in state |ei, because of the detection error of our

(a) demon OFF - interaction OFF

(b) demon OFF - interaction ON

Figure 5.1.: Rabi oscillations (demon-OFF): We induce Rabi oscillations between |ei and |дi
with a microwave pulse. The atom is initially in state |дi. The points represent the
probability of atomic detection in |ei (red), |дi (blue), and | f i (green), as function of
the pulse duration tQ . The lines are sinus fit, from which we extract contrast C and
offset y0 .

41

5. Results and discussion
non-ideal detector. We also observe some atoms in state | f i, because of the combination
of the above-mentioned detection errors and the atomic spontaneous emission from |дi to
| f i between the preparation and detection phases. As expected, P(f ) decreases together
with P(д).
Figure 5.1(b) shows the atomic populations P(a) after the adiabatic passage transfer
between Q and C. At half Rabi period (tQ ≈ 7 µs), the curves are opposite to those in
Figure 5.1(a). This is because Q has emitted a photon into C, passing from |ei to |дi. Explaining the curves near tQ = 0 is more tricky. The probability for Q to absorb a photon is
conditioned on the presence or absence of photons in C. Thus, PQ (e |tQ = 0) = 1 − PC (0),
while PQ (д|tQ = 0) = PC (0), where PC (0) is the probability of the vacuum field in C.
Here, βC = 0.904, resulting in PC (0) = 0.59, which is close to the observed value of
PQ (e |tQ = 0) = 0.52 ± 0.4 if considering the reduced contrast C of the Rabi oscillations.

Demon is present
Now, we observe the effect of the demon readout onto the energy exchange between Q
and C, at temperatures βQ (tQ ) and βC (tinj ). Unlike the previous case, we have transferred
the atoms from state |дi to state | f i with an additional resonant pulse, before the energy
exchange.
Figure 5.2(a) shows the initial state of the atom, after readout and before the interaction.
As expected, the levels |дi and | f i have exchanged their populations, see Figure 5.1(a).
The remaining population P(д) at tQ = 0 reveals the limited demon pulse efficiency, ηD ≈
0.9, due to the inhomogeneity of the injected microwave field.

(a) demon ON - interaction OFF

(b) demon ON - interaction ON

Figure 5.2.: Rabi oscillations (demon-ON): Points are the probability of atomic detection in |ei
(red), |дi (blue) and | f i (green) as a function of the pulse duration tQ . Lines are sinus
fits.
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5.2. Quantum thermodynamics approach
In Figure 5.2(b) displays the final state of the atoms after the adiabatic passage between
Q and C. The population P(f ) remains the same as in (a), as expected, since the |дi → | f i
transition is far detuned from ωC . Moreover, we see almost perfect transfer from |ei to
|дi, showing the high efficiency of the adiabatic passage. There is no constrain related
to the vacuum field this time, since the atom can only emit a photon (any absorption is
suppressed).
The previous figures revealed some insight on the Q-C interaction, conditioned on the
demon readout. However, we did not have any information on the cavity field. We can
further analyze the interaction, from the thermodynamics standpoint, by reconstructing
the photon number distribution.

5.2. Quantum thermodynamics approach
Heat
We now calculate the change of the thermodynamic quantities after the energy exchange
between Q anc C, conditioned on the demon readout. The first one is the heat exchange
Q, see Figure 5.3). The dotted lines and solid lines correspond to a numerical model.
We numerically simulate the experiment by preparing the initial density matrices at the
measured temperatures βQ and βC . Then, we apply the transformations related to each experimental step, as described in section 4.2. In addition, the numerical model accounts for
various experimental imperfections: readout efficiency (ηD ), detection errors, and atom
relaxation rate Γ. The experimental data are in good agreement with the theoretical predictions.
The error bars of the atomic populations were calculated with the binomial distribution
error. The error bars of the reconstructed photon-number distribution and the heat were
obtained directly from the reconstruction algorithm, as the variance of an appropriate
operator, e.g. N̂ or |nihn|. The proofs and calculations of the error bars of nonlinear
quantities, such as S, D or I, were the internship project of another student, Thibaut
Pérami [29].
When the demon is absent (dotted lines and open markers), the energy exchange fol(OF F )
lows the classical second law SQC
∼ QC ∆βrel ≥ 0: the heat flows from hot to cold,
TQ > TC implies that QC > 0, and TQ < TC implies that QC < 0. Moreover, no heat is
transferred at thermal equilibrium, TQ = TC implies that QC = 0. The maximum heat
gain of the cavity is one photon, when TQ → −∞ (PQ (1) ∼ 1). The minimum heat loss
is less than one photon because of the vacuum field contribution, as expected. When the
demon is present (solid lines and closed markers), the thermal equilibrium seems to be
shifted to the left, i.e., the cavity temperature is effectively lower TC(ON ) < TC(OF F ) . The
new location of the thermal equilibrium ∆βT0 E is related to the readout efficiency ηD , as
∆βT0 E ≈ ln(1 − ηD ), the more efficient the demon is, the lower the effective temperature of
the cavity is. When ∆βrel > 0 (TQ < TC ), the demon increases the efficiency of the heat
extraction. Nevertheless, the maximum heat gain is always limited to one photon. The
heat gain of the cavity at TC = TQ is about hnQ (βC )i ≈ 0.29, in good agreement with the
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Figure 5.3.: Heat exchange: Red (blue) lines correspond to heat change of the cavity (the atom).
Dotted lines with open markers (solid lines with closed markers) are in the absence
(presence) of the demon. Without demon, the heat flows from hot to cold, and the
(O F F )
thermodynamic entropy production ∆SQC
= QC ∆β > 0. With demon, the thermal
equilibrium (i.e. the point of zero heat exchange) is shifted: the demon inverts the
(O N )
direction of the "natural" heat flow ∆SQC
< 0.

measured Q for ∆βrel = 0.

Mutual information
We calculate the change of mutual information ∆IQC:D between D and Q-C system, after
the energy exchange Figure 5.4. The mutual information is the difference between the
joint entropy of QDC and the individual entropy of QC and D (4.36). It tell us how strong
is the correlation between the demon and the qubit-cavity system. As expected, the correlation is nearly zero without readout (dotted lines with open markers). On the contrary,
after the readout (solid lines with closed markers), the correlation increase and then is
partially lost in the feedback energy exchange. The mutual information after the feedback is non-zero, since D is still correlated to C! If the atom is detected in | f i = |0Q 0D i,
we know than the cavity will be colder than if the atom is detected in |дi = |0Q 1D i. We
could say that D gets correlated to Q in the readout, and later, this correlation is partially
transferred from Q to C in the feedback. The mutual information in the readout reaches
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Figure 5.4.: Mutual information: Blue (red) lines correspond to readout (feedback) and black
lines are their difference. Dotted lines with open markers (solid lines with closed
markers) are in the absence (presence) of the demon . Without readout, there is no
correlation between D and the Q-C system. If present, the demon gets correlated with
Q during the readout. Some correlations are consumed during the feedback, but the
demon keeps some information about C.

a maximum value at ∆βrel = 1 (TQ = ∞), which means that PQ (1) = PQ (2) = 1/2, i.e. the
entropy of Q is maximum.
The mutual information tends to zero when TQ → −∞ (∆βrel  1). The initial state
of Q is |ei, therefore it emits a photon 100% of the times and the final state of C is always the same. The remaining correlations are due to detection errors and the atomic
relaxation before interacting with C. The remaining correlations are bigger in the limit
TQ → 0 (∆βrel → −∞) because of the readout efficiency! After feedback, the state |0Q 0D i
remains invariant, while the state |0Q 1D i becomes PC (0) |0Q 1D i + (1−Pc (0))|1Q 1D i. Therefore, if we detect the atom in |ei = |1Q 1D i, we know that the cavity will be colder than
if we detect the atom in |дi = |0Q 1D i or | f i = |0Q 0D i. We detect |ei with probability
(1 − ηD ) · (1 − PC (0)). In the limit TQ → 0, the adiabatic passage creates correlations between Q and C instead of destroying them!
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"Weak" second law
Figure 5.5 shows the weak second law: ∆SQC − ∆IQC:D ≥ 0. The good agreement between
the curves and the experimental data verifies the validity of the theoretical formalism.
Without demon, as expected, the thermodynamic entropy is zero at thermal equilibrium,
and positive otherwise. Moreover, the entropy production near thermal equilibrium is
quadratic with ∆β. With demon readout, the thermal equilibrium is shifted to the left to
(Th)
(Th)
∆βrel
≈ −2.5. The large flat region near ∆βrel
is not surprising, because Q is initially in
state |дi with TQ ≈ 0 and the demon prevents any interaction with the cavity Q ≈ 0.

Figure 5.5.: Weak second law: We either calculate ∆SQC = Q∆β by using the heat exchange
of Q (blue lines) or C (red lines). Dotted lines with open markers (solid lines with
closed markers) are in the absence (presence) of the demon. The correlations behave
as a kind of negative entropy, their consumption compensate the negative thermodynamic entropy production.

Relative entropy
Now we compute the change of relative entropy after the energy exchange (4.40). Since
Q and C are initially in thermal states, the relative entropy indicates how far D has driven
them out of equilibrium (4.40). Without demon readout, as expected, the divergence is
zero at thermal equilibrium. Moreover, it diverges when TQ → −∞, 0. This is also expected, because the absolute heat transfer is maximum when Q is in a pure state. The
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Figure 5.6.: Change of relative entropy: Red (blue) lines correspond to C (Q). Green lines indicate the change of Q-C mutual information; black lines are the sum of the three
contributions. Dotted lines with open markers (solid lines with closed markers) are
in the absence (presence) of the demon. The dominant term is coming from Q, which
is initially in a thermal state, but it ends in an almost pure state (|0Q i). This also
implies that the Q-C correlations are nearly zero. The divergence of C is relatively
small, and it is maximal at TQ → −∞ for the maximal heat gain (one photon).

relative entropy grows more slowly when TQ → 0, since the vacuum field limits the maximum heat loss of C (less than one photon, on average). With demon readout, the relative
entropy is zero at the effective thermal equilibrium. It still diverges when TQ → −∞, as
expected, since the atom is initially in state |ei, and D gets no information from it in the
readout. The change of relative entropy when TQ → 0 vanishes, as expected, because D
(F )
prevent any interaction between Q and C. I must remark that ∆DQC ≈ DQC
, the relative
entropy after feedback. The relative entropy before feedback is nearly zero, since both Q
and C are in thermal distributions, regardless of the demon readout. Finally, the change
of relative entropy ∆DQC resembles a lot the weak second law in Figure 5.5.

"Strong" second law
The strong second law is shown in Figure 5.7. It can be interpreted as a constrain limiting
the demon efficiency. The divergence of the system always increases, or it remains the
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Figure 5.7.: Strong second law: We calculate ∆SQC = Q∆β by using the heat exchange of either
Q (blue lines) or C (red lines). Dotted lines with open markers (solid lines with closed
markers) are in the absence (presence) of the demon. The change of relative entropy
D constrains the performance of the demon, the more it modifies the system, the less
heat it extracts.

same, at best. Thus, the heat extraction efficiency drops down as soon as the demon
drives the qubit and the cavity out of equilibrium TQ = TC . We can define an effective
0
information consumption as −∆IQC:D
= −∆IQC:D − ∆DQC < −∆IQC:D .
There is a second interpretation of the generalized second law. If we rewrite it as
∆DQC = −∆IQC:D + ∆SQC > 0, we can identify the relative entropy as "general entropy"
containing the local entropy changes ∆Sint as well as the non-local (or joint) entropy
changes (i.e. change of correlations) ∆Iint : ext , where the information (correlation) behaves as negative entropy.

48

6. Conclusion
Cavity QED is an ideal platform for testing experimentally the main concepts of quantum
thermodynamics because of the the great degree of control over the atom-cavity interaction. We verified once more the subtle relation between thermodynamics and information
theory, by implementing an autonomous Maxwell’s demon and considering the information as a form of negative entropy. Although we applied thermodynamics to study real
quantum systems, we only used classical correlations.
Future works might try to test the generalized second law in situations were quantum
correlations are involved. Moreover, by measuring individual quantum trajectories, we
could tackle of fluctuation theorems, which are a powerful tool to deal with the arrow of
time, and non-equilibrium thermodynamics.

Summary of activities
I started by learning to manipulate the experimental setup, which is large and complex,
covering a whole lab room of approximately (5 m)×(5 m)×(5 m). I had to give weekly
maintenance, mainly due to the cryogenics, for example, refilling containers with liquid
nitrogen or liquid helium. I also provided occasional maintenance, such as repairing,
replacing or adding new parts with the aid of my supervisor.
We performed several calibrations, since our numerical simulations, and the data analysis itself, rely on empirical parameters. The most important ones for the reconstruction
algorithm are the dephasing per photon ϕ 0 , the Ramsey-fringe contrast C and offset y0
for two chosen phases ϕr0 , the relaxation time π /κ and the steady-state thermal photonnumber nb of our main cavity. We also calibrated the phase scrambling of the microwave
source used for the the thermal-field injection. We optimized the power and frequency,
thus, the classical Rabi frequency Ω, of the microwave sources participating in the qubit
preparation (Rabi oscillations), and the demon readout. Next, the efficiency of the fast adiabatic passage was optimized to yield a maximum energy exchange between the Rydberg
atom and the cavity. Finally, we characterized the readout efficiency ηD and the detection
errors ϵb←a , by implementing elementary protocols and optimizing a simple numerical
model, including experimental imperfections, to better describe the observed results.
Then, we performed the main experimental protocol, using around 1000 atoms per single repetition! We essentially spent entire days in the lab collecting data, which was used
to reconstruct the probability distribution of the qubit-demon-cavity system at several
instances. Although I was in charge of the reconstruction, the script was already made,
being one achievement of the PhD thesis of Valentin Metillon.
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6. Conclusion
Calculating the thermodynamic quantities was the final step. I created a code to calculate them as well as a numerical model (no fittings) to compare and validate the experimental results. The simulation takes into account most of the calibrated parameters and
experimental imperfections. The conundrum of the error-bar estimation was the internship project of the mathematics grad student Thibaut Perami. Finally, only motivated by
curiosity, I derived the elementary analytical results presented in the intuitive approach
to the weak second law.

Outlook
This whole project represents the incursion of the cavity QED group into the new and
growing field of quantum thermodynamics, where theoreticians collaborate side-by-side
with experimentalists to test a more comprehensive theory of thermodynamics, within
the realm of finite quantum systems, and taking into account information exchange. Soon,
our group will try more involved experiments for testing other powerful tools of the
formalism: the fluctuation theorems, that are applied at the level of quantum trajectories,
and represent an extension of thermodynamics onto out-of-equilibrium situations [30].
We are currently preparing a paper based on my thesis, whose title will be “Autonomous
Maxwell’s demon in cavity QED". I will not continue working in this group, since I will
join the PhD, still at the Laboratoire Kastler Brossel, but in the optomechanics and quantum
measurements group, under the supervision of Samuel Deléglise. But I hope I will still
collaborate in this interesting project around quantum thermodynamics.
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A.1. Atoms and photons
Giant dipole antennae: circular Rydberg atoms
A circular Rydberg state of an alkali atom |nCi is an excited state near the ionizationthreshold (high n), with maximum orbital angular momentum (l and m). An alkali atom
have one electron in its outer shell (valence electron), and its internal electronic core
resembles the structure of noble gas. [6]
The circular states resemble the circular orbits of the old quantum theory: the valence
electron has a large "orbit" with radius ∼ a 0n 2 around a compact nucleus of the order a 0 =
0.53 (the Bohr radius), which effectively generates an almost perfect coulomb potential
(1/r ). Therefore, the energy of a circular state is similar to that of the Hydrogen atom,
En ≈ −

Re f f
,
n2

(A.1)

where Re f f is a modified Rydberg constant that depends on the mass of the nucleus.
The frequency of the |nCi → |(n − 1)Ci transition ω n, (n−1) , can be calculated by taking
the derivative of the binding energy with respect to n,
ωn,(n−1) ≈ 2

Re f f
.
~n3

(A.2)

The electric-dipole of the |nCi → |(n − 1)Ci transition is given by
ea 0n2
dn,(n−1) = √ .
2

(A.3)

It is proportional to the orbit radius (a 0n2 ).
Small perturbing electric or magnetic fields can couple a circular state to other state
with l = n 0 − 2 (2l + 1 degeneracy). We can protect the circular states from parasitic transitions by exposing the atom to an external electric field, lifting the degeneracy between
states with different l. The second order energy shift due to DC Stark effect is given by
 
(2)
6 F
(A.4)
ES = −R ∞n
F0
The parasitic transitions are suppressed if the energy shift is larger than the stray fields.
Where F 0 = e/4πϵ0a 20 = 5.14 × 1011 V /m is the atomic electric field unit and R ∞ =
~2 /2me a 20 = 13.6 eV is the Rydberg constant corresponding to an infinite nuclear mass.
In case of the |51Ci → |50Ci transition, the differential shift is −250 kHz/(V /m)2 .
The ionization threshold is given by
Fi ≈ 0.2

F0
,
n4

(A.5)

where eFi is the the ionization potential. The predicted values for |51Ci → |50Ci are 165
and 152 V /m, respectively. They are smaller than the measured values (145 and 134 V /m)
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due to tunnel effect. The n-dependence of the ionization threshold allows a single-atom
detection scheme, with a maximum sensitivity of 90%.
Because of the electric-dipole selection rules ∆l = ±1 (and ∆n , 0), a circular state |nCi
can only decay to another circular state |(n − 1)Ci. The damping rate Γn, (n−1) is

2 2 ~ω 4
α
a
n
0
1
2R ∞α 3
n,(n−1) ª
©
Γn,(n−1) ≈ 
=
.
(A.6)
®
3c 2
~ωn,(n−1)
3~n5
«
¬

Long-lived giant photons in a box: superconducting microwave cavities
The atom-photon coupling is enhanced by maximizing the interaction time, which means
storing the photons as long as possible. In the microwave domain, the best reflectors are
superconducting metals. They present small losses for oscillating currents, nevertheless,
they are orders of magnitude smaller than the losses of a conventional metallic cavity. [6]
The cavity must fulfill other requirements in addition to a high quality factor (very
small damping rate κ = ωC /Q ). For example, the electric field should be as high as possible. When expressing the electric field in terms of photons, its magnitude is proportional
to the inverse of the mode volume V ∼ λ30 , the “size” of a photon inside the cavity. Finally, we must be able to apply a static electric field inside the cavity to prevent the circular
states from coupling to parasitic elliptical states. There are additional reasons to apply a
static electric field, such as tuning the cavity in resonance with the atom, or performing
a fast adiabatic passage, which is an efficient and deterministic method to absorb or emit
a photon.
The mirrors in the experiment of Serge Haroche are made of niobium, having 50 mm
diameter and 40 mm radius of curvature. The resonance frequency ωC of the T EM 900
Gaussian mode is near resonance with the |51Ci → |50Ci transition ω 51, 50 ∼ 51 GHz.
The mode has m = 9 antinodes along the transverse axis (Oz). The distance between the
mirrors is L ∼ 27 mm = mλ 0 , where λ 0 = 2πc/ωC is the mode wavelength. The mode
volume V is
mπ 3
π
λ 0 = 700 mm 3
(A.7)
V = w 02L =
4
8
where w 0 ∼ λ 0 is the mode waist. The vacuum electric field is given by
s
s
ωC2
~ωC
~
E0 =
(A.8)

2
2Vϵ0 2π
2mϵ0c 3
The coupling strength U between the cavity mode and the |51Ci → |50Ci transition
is ∼ n−4 ,

 2/3
2α
R∞
∗
U = ~Ω0 = 2dn→(n1 ) E0 (ϵˆQ · ϵˆC ) =
,
(A.9)
3
πm
~n4
where Ω0 is the vacuum Rabi frequency, ϵˆa is an unitary vector pointing along the atomic
dipole, and ϵˆC∗ is the polarization of the cavity mode. The circular Rydberg atom and the
microwave superconducting cavity satisfy the conditions of the strong coupling regime:
ω 51, 50 ∼ n −3  Ω 51, 50 ∼ n−4  Γ51, 50 ∼ n −5 .

(A.10)
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A.2. Circular Rydberg state preparation
Velocity selection
The setup lets manipulate the atomic state and the atom-cavity interaction with high
precision. We know the position of the cavities and Ramsey zones with respect to the
place at which the circular states are prepared. By fixing the velocity of the atoms, we
can determine the exact time at which they fly through each element of the setup. [12]
The velocity of the
p atoms leaving the oven is given by the Maxwell-Boltzmann distribution ( hvX i = 2kBToven /m ). We take advantage of the hyperfine structure of the
Rb ground state for the velocity selection. The ground state 5S 1/2 has two hyperfine levels (F = 2 and F = 3) with an energy difference 3 GHz ( see Figure A.1 (b) ). First, the
"depumper" laser excites the |5S 1/2, F = 3i → |5P3/2, F 0 = 3i transition at 780 nm. The
depumper is orthogonal to the atomic jet to avoid the Doppler effect. The atoms relax to
the levels F = 2 or F = 3, rapidly populating the level F = 2.

Figure A.1.: Velocity-selection scheme: a) direction of the lasers with respect to the atomic jet,
and b) visualization of the scheme in the energy spectrum.

A second laser ("repumper") at 63o pumps the |5S 1/2, F = 2i → |5P3/2, F 0 = 3i transition.
The frequency of the repumper is blue detuned with respect to the transition frequency.
Because of the Doppler effect, only the atoms with the right velocity are pumped back to
the level F 0 = 3,
∆ω = ω pumper − ω (F 0=3, F =2) = −k® · v®
(A.11)
At the end, the level F 0 = 3 relaxes, populating the level F = 3 with the right velocity
class.
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A.2. Circular Rydberg state preparation

Circularization
After the velocity selection and before the interaction with the cavities, we prepare the
atoms in the circular state |52Ci, by means of a protocol referred as circularization (see
Figure A.2). [12] It involves a combination of three lasers, a radio frequency pulse and a
final microwave pulse.

Figure A.2.: Circularization protocol: First, we pump the atoms from the hyperfine ground
level |5S 1/2, F = 3i to high-energy level |52f , m = 2i. In steps 2 and 3, we lift the degeneracy of the levels with different angular momentum m, and we pump the atoms
through the "angular momentum ladder" with an RF pulse. At the end, we populate the level |52Ci from |50Ci via a two-photon transition. We ionize the remaining
elliptical states at n = 52 (circular state purification).
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