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Contents
1

Context of this work
1.1 The quantum regime of optomechanics . . . . . . . . . . . . . . . . . . . . . . . . . . .
1.2 Hybrid Optomechanical Quantum Node . . . . . . . . . . . . . . . . . . . . . . . . . .
1.3 Aim of this internship : towards a microwave readout of a purely dielectric membrane

2

Theoretical analysis of the coupling between an
membrane
2.1 The interdigitated capacitor . . . . . . . . .
2.2 Effect of the membrane on the capacitance
2.3 Vacuum optomechanical coupling rate . . .

3

1
1
4
5

interdigitated capacitor and a dielectric
. . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . .

7
8
12
18

Experimental developments
3.1 Sample design and fabrication . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
3.2 Cryogenic and microwave setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

19
19
21

References

26

Introduction
Recent progress in the field of optomechanics have allowed to observe the quantum behavior of microor nano-mechanical objects by coupling them to a mode of the electromagnetic field. Radiation
pressure cooling into the quantum ground state [1, 2, 3], entanglement between mechanical motion and
an itinerant field [4] or the optomechanical generation of squeezed states of light [5, 6] are prominent
examples. Remarkably, these breakthroughs have happened simultaneously in optomechanical systems
where the mechanical resonator is coupled to an optical mode, and electromechanical systems, where
it is coupled to a microwave one.
Even though these experiments were initially driven by fundamental objectives, such as observing
the quantum behavior of macroscopic objects, or studying fundamental aspects of quantum measurements [7], the possibility to control a micro-fabricated object at the quantum level opens up new
possibilities in the context of quantum engineering and quantum information processing.
The aim of the project in which I took part is to use an hybrid optomechanical system as a
quantum bus between microwave and optical photons. Such an Hybrid Quantum Node would bridge
the gap between the microwave photons created by superconducting quantum circuits and optical
photons that can travel several tens of kilometers in optical fibers at room temperature.
In the first part of this manuscript, I will introduce the context and precise objective of my work
during this internship. In a second part, I will present a theoretical analysis of the optomechanical
coupling for the microwave part. Finally, I will present the groundwork for the experiment that setup
that will be used.

1 Context of this work
1.1 The quantum regime of optomechanics
Reaching the regime where we can observe a quantum behavior of the mechanical resonator demands
to reduce its thermal energy kb T below the quantum energy h̄ΩM . For a mechanical frequency of
ΩM = 2π × 1 GHz, it is necessary to reach 50 mK, which is attainable with a standard dilution
cryostat. Even though low frequency resonators are more difficult to cool close to their quantum
ground state by passive cooling techniques, they can be easily coupled to an electromagnetic field
that can be used to cool them, in analogy with atomic laser cooling.
The compound system forms the canonical optomechanical platform: an electromagnetic resonator
(called cavity in the following) whose resonance frequency is modulated by the displacement of a
mechanical degree of freedom. Two examples of such a system are given in figure 1.
The Hamiltonian describing an optomechanical system is
1
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Figure 1: (a) Example of an optomechanical system: a Fabry-Pérot cavity with a movable end-mirror.
The resonance frequency of the cavity depends linearly on the position of the mirror. The coupling
principle is the following: the radiation pressure puts the mirror in motion, thus changes the resonance
frequency of the cavity. (b) Example of an electromechanical system: a LC resonator with a movable
electrode. It follows the same coupling principle as (a), the radiation pressure being replaced by an
electric force.

Ĥ = h̄ω0 (x̂)â† â + h̄ΩM b̂† b̂,

(1)

where ω0 (x̂) is the resonant frequency of the cavity and â† â the number of photons in the mode,
ΩM the mechanical frequency and b̂† b̂ the number of phonons in the mechanical mode. We will note
M its effective mass.
We develop ω0 (x̂) at the first order with respect to x̂ : ω0 (x̂) = ω0 (0) − Gx̂, where G is the
frequencypshift per displacement. We also write x̂ with respect to b̂ and b̂† : x̂ = xZP F (b + b† ) where
xZP F = h̄/2ΩM M is the size of the mechanical ground state wave function. We have the interaction
Hamiltonian :
Ĥint = −h̄GxZP F (b̂ + b̂† )â† â

(2)

The coupling between the cavity field and the mechanical resonator is usually too weak to observe
the effect of a single photon on the mechanical resonator. However, by injecting an intense coherent
field, the effect of the field fluctuations on the mechanical resonator are amplified and lead to an
effective linear interaction between the cavity and the mechanical modes. The interaction Hamiltonian
then reads :
√
Ĥint = −h̄g0 n0 (b̂ + b̂† )(â + â† ),

(3)

where g0 = GxZP F and n0 is the mean number of photons in the cavity. Even though the field
operators for the optical (â) and mechanical modes (b̂) play a symmetric role in this Hamiltonian,
the two modes have widely different frequencies : ω0 /ΩM ≈ 1010 for a 1 MHz mechanical resonator
coupled to visible light.
The first consequence is a thermodynamical one : while the mechanical resonator is coupled to a
bath with occupation n̄ = kB T /h̄ΩM  1, the optical environment has close to 0 occupancy. That’s
why it can be used to extract thermal phonons from the mechanical resonator by effectively coupling
it to a zero-temperature environment.
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Figure 2: Optomechanical systems driven on the lower (a) and upper (b) optomechanical sideband
exhibit different Hamiltonians. Feynmann diagrams of the elementary processes associated to each
sideband is displayed below the Hamiltonians.
The second consequence is that the coupling Hamiltonian can be tailored by setting the different
terms in or out of resonance. This setting is performed by changing the detuning ∆ between the
electromagnetic drive and the cavity field. Two cases are particularly interesting:
• For ∆ = −ΩM , the interaction Hamiltonian is ”beam-splitter” (BS) like :
√
ĤBS = h̄g0 n0 (ab† + a† b)

(4)

The dynamics associated with this Hamiltonian is a periodic swap between the mechanical and
the cavity modes. This dynamics, similar to Rabi oscillations, was already observed in the
optical [3] and microwave [2] domain. It could allow the transfer of a quantum states through
different carriers of the electromagnetic spectrum.
• For ∆ = +ΩM , the interaction Hamiltonian is ”Parametric Down-Conversion” (PDC) like :
√
ĤP DC = h̄g0 n0 (ab + a† b† )
(5)
Photons and phonons are created by pairs. The resulting dynamics is the exponential growth
of a 2-modes squeezed states. It is analogous to the spontaneous parametric down-conversion
in χ(2) media. Up to now, the entanglement resulting from this Hamiltonian has only been
observed in the microwave domain.[4]
There are two criteria to meet in order to observe the dynamics associated to these two Hamiltonian. First, we need to be in the resolve sideband regime ΩM  κ/2, where κ is the linewidth of
the cavity. Secondly, the optomechanical cooperativity C = 4n0 g02 /(κΓ), where Γ is the mechanical
damping, and the occupancy of the mechanical bath nth ≈ kb T /(h̄ΩM ) must verify :
C
>1
nth

(6)

This condition ensures us that the thermal decoherence rate is shorter than the coherent dynamics
associated to Hint .

3

Figure 3: HOQN’s are composed of a mechanical resonator coupled at the same time to a optical and
microwave cavity, thus allowing entanglement distribution and quantum states swapping across the
electromagnetic spectrum

1.2 Hybrid Optomechanical Quantum Node
The principle of the Hybrid Optomechanical Quantum Node (HOQN) is given in figure 3: one mechanical mode is coupled at the same time to an optical cavity and to and to a microwave cavity, thus
realizing an opto-electro-mechanical system. On the one hand, the BS dynamics could be used for
two operations. Firstly, transfer an incoming quantum state from the microwave or optical field to the
mechanical mode, playing the role of a quantum memory. Secondly, read the state of the quantum
memory into one of the propagating channels. On the other hand the PDC dynamics could be used
to create an entangled pair between the local memory and one of the propagating channels.
In order for each of these operations to be immune from thermal decoherence, both electromechanical and optomechanical parts of the device should operate in the quantum regime (equation (6)
should be respected). This is rather challenging as it requires to combine a high-Q and low mass
mechanical resonator with a high-finesse optical and microwave resonator.
The optical cavity will be designed as a ”membrane-in-the-middle” setup: a high mechanical
quality factor membrane is placed in the middle of a high finesse optical cavity.
The microwave coupling will be achieved by placing a purely dielectric mechanical resonator (called
membrane in the following) above a 2D interdigitated capacitor. The approach pursued here is
rather original: most electromechanical systems to date are based on a capacitor with a mechanically
compliant electrode. In this scheme the counterpart for radiation pressure acting on the moving
mirror of a Fabry-Perot cavity is the electrostatic force attracting the electrodes towards each other.
In contrast, our HOQN is based on a purely dielectric membrane coupled to a near-by coplanar
capacitor (see figure 4).
Dielectric objects placed in the gradient of an electric field experience a force known as ”dielectric
gradient force”. This force can be understood with a simple energy conservation argument: by moving
around its equilibrium position z at the vicinity of the capacitor, the mechanical resonator modulates
its capacitance. When applying a voltage V across the electrodes, the stored electrostatic energy U (z)
in the capacitance is C(z)V 2 /2 and it depends on the mechanical resonator position. The force can
be immediately deduced from the energy U (z):

F (z) = −

dU
V 2 dC
=−
dz
2 dz

(7)

This force is the underlying principle of optical twizzers and it is recognized as a universal transduction scheme for Nano Electromechanical Systems [8]. The advantage of the dielectric gradient
coupling over ”moving electrode schemes” is that a purely dielectric membrane can be directly coupled to an optical field by placing it inside a high-finesse cavity.
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Figure 4: Comparison of electromechanical principles: on the left, the capacitance varies via the
motion of one of its electrodes. On the right: the capacitance varies via the motion of a dielectric
placed at its vicinity.

1.3 Aim of this internship : towards a microwave readout of a purely dielectric membrane
The realization of a full HOQN is an ambitious goal that goes far beyond the scope of this internship.
It requires to combine and validate different building blocks such as the development of optimized
mechanical resonators, the demonstration of optomechanical and electromechanical coupling, and
finally, the operation of such a device in a dilution fridge environment to demonstrate the quantumcoherent regime of operation.
Shortly before my arrival in the group, a first step has been achieved by demonstrating the
actuation of a suspended nanomembrane by the dielectric gradient force. These results were obtained
by K. Makles, a third year PhD student in the group, in the context of a collaboration with the
Laboratoire de Photonique et des Nanostructures (LPN) in Marcoussis. Figure 5 represents a Scanning
Electron Micrograph of a sample produced at LPN, together with a simplified process flow describing
the microfabrication process. A vibrating membrane, as small as 10 × 20 µm is suspended about 300
nm away from an interdigitated capacitor. The mechanical response of the membrane to an applied
voltage was measured optically, by placing the reflective membrane in one of the arms of a Michelson
interferometer. The typical response measured by a Network Analyzer as a function of the applied
DC bias voltage is represented in figure 6. The precise analysis of the response and the dependence
with respect to the geometric parameters of the capacitor is underway.
In this experiment, if the coupling between the interdigitated capacitor and the membrane was
large enough to demonstrate the electrical actuation of the mechanical modes, the pendant effect of
the mechanical motion acting on the electrical circuit was to small to be measured. The aim of my
internship was threefold:
• Develop a model to understand both qualitatively and quantitatively the coupling between the
membrane’s motion and the capacitor.
• Develop a microwave cavity that will be used to perform the electromechanical readout of the
membrane’s motion (see figure 7). These cavities need to be superconducting to have a high
electrical quality factor.
• Design a simple cryogenic setup in order to test the microwave cavities at modest cryogenic
temperatures (4K).
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Figure 5: On the left: a Scanning Electron Micrograph of the capacitor with the membrane above. On
the right: Simplified process flow of the deposition of the membrane. (a) The InP layer is grown over
an InGaAs substrate by Molecular Beam Epitaxy (MBE). A sacrificial SiO2 layer is deposited on the
membrane. (b) The electrodes are realized by e-beam lythography on a separate silicon substrate. (c)
Benzocyclobuten (BCB) resist is used to bond the two parts together. (e) The membrane substrate
is etched away. (f) The membrane is defined by e-beam lythography and liberated by under-etching
the sacrificial layer.
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Figure 6: (left) Schematic view of the interferometric setup used to demonstrate electrostatic actuation
of the membrane. (right) Electromechanical response as a function of bias voltage and frequency.

6

Intensity
Input
M embrane height
π
P hase of the
transmitted f ield
M embrane height

−π

Phase readout
of the membrane
motion
Intensity and
phase measurement
Figure 7: We read the motion of the membrane via the phase variation of the transmitted field. The
vertical blue dashed line corresponds to the intracavity intensity. The higher the electrical quality
factor Qelec , the better the sensitivity since the slope of the phase with respect to the membrane
height is linear in Qelec .

2 Theoretical analysis of the coupling between an interdigitated capacitor and a
dielectric membrane
In this part, we will study a model for an interdigitated capacitor and its coupling with a dielectric
membrane suspended at its vicinity. The coupling between the capacitor and the membrane goes both
ways : the capacitor creates an electric field that attracts the membrane while the modification of
altitude of the membrane affects the capacity. Our capacitor is connected to an inductance, both form
a series LC resonant cavity, and the variation of the membrane altitude modifies the cavity resonant
angular frequency ω0 :
1
ω0 = p
LC(y)

(8)

where y is the altitude of the membrane. Then the coupling constant g0 is:

g0 = −xZP F

dω0
xZP F ω0 dC
=
dy
2 C dy

(9)

In order to characterize this coupling, the important parameter is C(y), the capacitance depending
on the membrane altitude. We will develop in this section a simplified model to derive an analytical expression for C(y), which will be verified with numerical simulations. This model provides a
quantitative estimate of the expected coupling strength, moreover, it provides useful hints about the
important parameters influencing the electromagnetic coupling, so that we can improve our designs.
First, we will study the interdigitated capacitor alone and then we will try to understand the impact
of the membrane on its capacitance.
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Figure 8: On the left, a schematic of the model of our capacitor in the y = 0 plane. The red,
respectively blue, fingers represente the positive, respectively negative, electrode. The dashed line is
x = y = 0. On the right, a more realistic view of such a capacitor made with the simulation software
Sonnet.

2.1 The interdigitated capacitor
The interdigitated capacitor consists of a succession of fingers alternatively connected to each other
(see figure 8). To evaluate the capacitance between the electrodes, we will make the following simplifying assumptions:
• The thickness of the fingers in the y-axis is negligible compared to the other dimensions of the
system.
• The length lz of the fingers along the z-axis is supposed to be large compared to the other
dimensions of the system.
• The charged fingers have uniform spacing (s) and width (w). Hence, the periodicity of the
system along the x-axis is 2a = 2(w + s).
• The electrodes are surrounded by a dielectric medium of relative permittivity 1. This hypothesis
is the most disputable, however, we will see in section 2.2.5 how the effect of a dielectric substrate
can be taken into account
We place the origin of the x-axis in the middle of an electrode spacing, the x direction pointing
towards the closest positive finger. Given the periodicity of our problem, we have the following
constraints on the potential :
• Translational invariance along the z-axis :

dV
dz

= 0. Then V (x, y, z) = V (x, y)

• Periodicity of length 2a along the x-axis : V (x + 2a) = V (x)
• Anti-periodicity of length a along the x-axis : V (x + a) = −V (x)
First, we place ourselves in the y = 0 plane, where the capacitor is. Given those constraints,
the potential can be developed in Fourier series, which is possible given the linearity of Maxwell’s
equations :

V (x, y = 0) =

∞
X


Bn sin

n=0


(2n + 1)π
x ,
a

(10)

where the Bn are Fourier coefficients that we need to determine. In the following, we will denote
αn = (2n+1)π
a
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In order to compute the field created by the electrodes in the two free of charge semi-infinite
subspace above and below, we should start from Laplace’s equation :

4V = 0

(11)

In order to solve analytically the Laplace equation, we perform a separation of variables, V (x, y) =
Vx (x)Vy (y). Injecting this in (11), we obtain

Vy00
Vy

00

= − VVxx = C, where C is a constant. Then :

V±,B,α,φ (x, y) = B sin(αx + φ) exp(±αy),

(12)

where B, α and φ are constants of the solution. Another set of solutions could be obtained by
inverting the roles of x and y in the previous expression, however, these solutions would not fulfill
the periodicity condition V (x + 2a) = V (x). When we combine this ansatz with equation (10) and
the continuity of the potential, we find the solution for the potential created by the capacitor in the
whole space :

V (x, y) =

∞
X

Bn sin(αn x) exp(−αn |y|)

(13)

n=0

The absolute value in the previous expression ensures that the solution chosen in each subspace
(y > 0 and y < 0) doesn’t diverge for y → ±∞. This potential corresponds to the following electric
field :
∞

X
→
−
E(x, y) = − ∇V =
En,±

(14)

n=0

=

∞
X
n=0

Bn αn

− cos(αn x) exp(−αn |y|)
± sin(αn x) exp(−αn |y|)

(15)

The potential is not derivable in the y = 0 plane, which shows the presence of charges in this
plane. This is coherent with our model since the capacitor is placed in this plane. We find a surface
charge, using the interface conditions of the displacement vector :
∞
X


σ(x) = Dy x, y = 0+ − Dy x, y = 0− = 20
Bn αn sin(αn x)

(16)

n=0

The potential and the charge should verify the following properties :
• The potential should be ±V0 on the electrodes, where V0 is the applied potential at the electrodes.
• The charge should be 0 outside the electrodes.
Combining these conditions is mathematically heavy and we will need to make approximations. A
good approximation of the values Bn have been proposed by Den Otter in reference [9] by assuming
that the unknown potential V (x, y = 0) was identical to the potential created by 2 semi-infinite plates
at potential ±V0 separated by a distance s:

V (x, y = 0) = V0 arcsin
His result is:
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Figure 9: Den Otter predictions for different number of modes taken into account for (a) the potential
and (b) the surface charge.

4
Bn
=
J0
V0
(2n + 1)π



(2n + 1)πs
a


(18)

where J0 is the zeroth order Bessel function of first kind. The potential and the charge obtained
for such coefficients and s/a = 0.5 are displayed on figure 9. We see that for both case, the series is
converging to a physically acceptable solution: the potential is flat at the electrodes and the charge
is mainly concentrated at their edges. However, the charge distribution is not perfectly zero between
the electrodes. Because of this issue, Den Otter calculated the charge on the positive electrode by
integrating the charge only on the electrodes. The capacitance is obtained by calculating the ratio of
the charge on the positive electrode over the difference of potential between them. Den Otter result
for the capacitance is:




∞
0 lz lx X
4
(2n + 1)πs
(2n + 1)πs
C=
J0
cos
,
a
(2n + 1)π
2a
2a

(19)

n=0

where the product lx lz is the surface of the capacitance. We should note that the results of Den
Otter are coherent with the exact solution of Engan [10]. This exact solution uses elliptic integrals
which are not easy to adapt when we want to model the effect of the dielectric membrane. For the
same reason, we want to simplify the expression (19) before introducing the membrane.
2.1.1

Approximations

In order to determine which approximation can be performed, let’s study the repartition of energy
between the electric field modes. The energy per unit volume is:

Evol =

0 2
E (x, y, z)
2

(20)

From equation (15), we have:
E2 (x, y) =

X

Bn Bn0 αn αn0 cos ((αn − αn0 ) x) exp (− (αn + αn0 ) |y|)

(21)

n,n0

We integrate equation (21) over the length lz of the fingers, from y → −∞ to y → +∞ and over a
single period 0 < x < a. The cross terms are 0 and we have an expression for E the energy of a pair
of fingers :
10

100

Repartition of energy for the first modes

Mode energy (%)

80

n=0
n=1
n=2
n=3
n=4

60
40
20
0
0.0

0.2

0.4

s/a

0.6

0.8

1.0

Figure 10: Repartition of the capacitance electric energy for the first 5 modes. The energy of the
modes is normalized by the series energy, truncated at the fiftieth mode.

E = π0 lz

∞
X

Bn2 (2n + 1)

(22)

n=0

The dependancy in s/a is encoded in the Bn s. We can simulate the repartition of energy with
respect to s/a, which is plotted on figure 10.
The case s/a = 0.5 is particular. The odd modes energies vanish and the mode n = 0 carries
approximately 92% of the total energy. As we will see shortly, this is highly favorable to achieve large
electromechanical coupling. Hence, we will limit ourselves to these geometries in the following.
Since only one mode of the series (13) contributes significantly to the stored electrical energy, the
situation is well captured by the following simplified model: the potential and charges in the y=0
plane are sinusoidal functions of x:
V (x, y = 0) = V0 sin(α0 x)

(23)

And the charges are given by equation (16):
σ(x) = 20 V0 α0 sin(α0 x)

(24)

Since the potential is not uniform on the membrane surface, the voltage across the electrodes is
somewhat ill-defined. However, in first approximation, we have assumed that it was given by the
peak-to-peak value of the function V (x, y = 0). A similar approximation can be made for the total
charge on each electrode:
Z
q± = ±

lz

Z

a

σdx = ±4V0 lz

dz
0

(25)

0

This leads to a capacitance per tooth pair:
Ctooth =

q
= 20 lz
2V0
11

(26)
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Figure 11: Simulated and predicted value of the capacitance with respect to s/a. The capacitor is
surrounded by air: r = 1 The blue line corresponds to equation (19), the green to (27) and the points
have been simulated using Sonnet software at frequency 10 Mhz.
by recalling that the number of tooth pair in a width lx is N = lx /2a, the total capacitance is
given by:
Cgross = 0

lx lz
a

(27)

Figure 11 shows the results of the approximations with respect to s/a. We see that at s/a = 0.5,
the gross approximation gives a result close to Den Otter prediction, with a relative error of 7%.
For numerical simulations, we used the software Sonnet, which uses the Method of Moments
applied to electromagnetism. The results given by Sonnet have a relative error with the Den Otter
prediction of 5-10%. Moreover, in the case s/a=0.5, we can keep in mind that the gross approximation
overestimates the capacitance by 13% with respect to the numerical simulation. In the next section,
we will derive the electromechanical coupling based on this ”1-mode approximation”.

2.2 Effect of the membrane on the capacitance
The point of this theorical analysis is to understand the effect of a dielectric membrane on the
interdigitated capacitance. Equations (7) and (9) show that it plays a fundamental role in the coupling
between those two elements.
A first, naive approach to derive the capacitance is to start from E = CV 2 /2, that is to say:
2E
(28)
V2
Thus, when approaching a dielectric of relative permittivity r > 1 in the field – assumed constant
– created by the electrodes, the capacitance raises by a quantity proportional to:
C=

Z

dτ (r − 1)E2

(29)

dielectric

Then, it is desirable that the membrane explores the regions where the electric field is maximum.
This is why we want to have a maximum of energy in the zeroth mode of the Fourier development,
since it penetrates further in space.
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Figure 12: Dielectric interface between two media with dielectric permittivity 1 and 2 . The trivial
solution E = 0 excepted, we need at least three field, one incident, one reflected and one transmitted.
In fact, the approach is oversimplified since it assumes that the electric field itself is not perturbed
by the membrane. To take into account the complex interplay between the dielectric membrane and
the field, we need to match the static solutions of Maxwell’s equations (30) and (31) at the interface
between two media.
2.2.1

Dielectric interface

We study the case of a dielectric interface represented in figure 12. The conditions at the interface
for the electric field E and the displacement field D = E are :

D·n=0

(30)

E · t = 0,

(31)

where n is a vector normal to the interface, and t a tangential one.
For an incident field Ei = ei E0,+ (notation defined in equation (14)) in the y < 0 half-space, the
previous boundary conditions can be fulfilled in x = 0 by imposing a reflected field Er = er E0,− in
y < 0 and a transmitted field Et = et E0,+ in y > 0. From equations (30) and (31) respectively:

ei + er = et

(32)

1 (ei − et ) = 2 er

(33)

We define the reflection and transmission coefficient in amplitude : r =
1 − 2
1 + 2
21
t=
1 + 2

r=

er
ei

and t =

et
ei .

We have :

(34)
(35)

If we consider that the incoming wave comes from the right in figure 12 instead of the left, we can
obtain the conjugate reflection and transmission coefficient r̄ and t̄ by the transformation 1 ↔ 2 :
2 − 1
1 + 2
22
t̄ =
1 + 2

r̄ =

(36)
(37)

These formulas are the straightforward generalization of Fresnel’s law for DC evanescent fields.
→
−
Finally, since ∇ is a linear operator, the potential is reflected and transmitted according to the same
coefficients r and t.
We now study the effect of a dielectric interface on the interditated capacitor.
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Figure 13: Dielectric interface parallel to the capacitor plane and at distance h. The field reflection
and transmission is described by the input wave coefficient ei , the reflected er and the transmitted et .
The reflected field reaches the electrodes and modifies the capacitance.

600
500

Capacitance in the semi-infinite membrane model
C without membrane
C with membrane
0.89 × C with membrane
Sonnet simulation

C (fF)

400
300
200
100
0
0.0

0.5

1.0
Membrane altitude (µm)

1.5

2.0

Figure 14: Capacitance of an interdigitated capacitor with parameters lx = lz = 100µm, a = 1µm
and s/a = 0.5, placed in a bulk of air in the vicinity of semi-infinite membrane with r = 10.58. The
capacitance is plotted with respect to the distance between the interface plane to the capacitor plane.
2.2.2

Simplest case : Semi-infinite membrane

The model we are studying here is presented in figure 13. The electrodes are placed in the y = 0 plane.
The membrane is supposed to be semi-infinite in the y > h region, where h is the distance between
the electrodes and the interface. This is a simplification since the height of the membrane cannot
be neglected in practice, but it is a useful step to understand the effect of the dielectric membrane.
Following the 1-mode approximation, the potential created by the electrodes towards the positive y
direction is

Velectrodes (x, y) = V0 sin

 πx 
a

 πy 
exp −
a

(38)

Then the reflected potential would be propagating to the negative y direction from the y = h
plane. We can deduce from the reflection coefficient the reflected potential in this plane and then in
the y < h region:

Vref lected (x, y)|y=h = r Velectrodes (x, y)|y=h


 πx 
 πy 
2πh
Vref lected (x, y) = rV0 exp −
exp
sin
a
a
a
The potential in the electrode plane is the sum of two terms :
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(39)
(40)

r1
t1

t2

t̄1

r2
r̄1

y
0

h1

h2

Figure 15: The evanescent potential created by the electrodes, placed in y = 0, meets two dielectric
interfaces placed in h1 and h2 . The useful reflection and transmission of the interfaces are indicated.

Vtotal (x, y)|y=0 = Velectrodes (x, y)|y=0 + Vref lected (x, y)|y=0



 πx 
2πh
Vtotal (x, y)|y=0 = V0 1 + r exp −
sin
a
a

(41)
(42)
(43)

As noted previously, the potential in y = 0 is sinusoidal and consistently with section 2.1.1, we
assume that the voltage across the electrodes is given by:



2πh
∆V = 2V0 1 + r exp −
a

(44)

The charge distribution is still given by (24) since Velectrodes is assumed to be unchanged. Hence,
the capacitance is given by:

Cinf inite

membrane

=

Cgross

1 + r exp − 2πh
a

(45)

The results of a Sonnet simulation is given in figure 14. We see a relative spread between the
capacitance predicted by our model and Sonnet simulation of ∼ 10%. This difference is however
coherent with the simulation given on figure 11. Furthermore, the behavior of the capacitance with
respect to the membrane altitude is coherent between the model and the simulation, which confirms
our 1-mode approximation.
The membrane material is supposed to have r = 10.58 and the electrode are placed in surrounded
by air. Then, in our model 1 − 2 is negative and so is the reflection coefficient r. The membrane
increases the capacitance, and the closer the membrane the bigger the capacitance. When the membrane is far enough (h ≈ a) from the capacitor, its capacitance is not modified by the membrane.
This behavior is physically expected, however, our model is not sufficient: we need to consider the
finite thickness of the membrane.
2.2.3

Effect of a substrate

As we will see in section 3.1, the electrodes are deposited on a silica substrate (r = 3.9). The above
calculation allows to quantify the effect of the substrate on the capacitance by letting h tend to 0:
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Figure 16: The parameters of the capacitor are the same as in figure 14, i.e lx = lz = 100µm, a = 1µm
and s/a = 0.5. The capacitor is in surrounded by air and placed and a finite membrane is placed at
a distance h = 100 nm. The capacitance is plotted with respect to the membrane thickness.

Csubstrate =

C
1+r

(46)

In our case, the reflection coefficient is negative, and the substrate increases the capacitance. This
was expected since the electric energy stored in the substrate is greater than in the air.
We could also obtain this result by considering that the potential created by the electrodes (equation (38)) is not modified by the substrate and by replacing the factor 2 in equation (16) by (1 + r ).
2.2.4

Finite membrane

A finite membrane can be seen as two dielectric interfaces close to each other as presented in figure
15. Hence, in close analogy with the problem of the Fabry-Pérot resonator, an effective reflectivity
can be obtained by summing up the amplitude of the fields after multiple reflections:
Vref lected (y < h1 )/V0 = r1 e−αh1 eα(y−h1 )
+ t1 t̄1 r2 e−αh1 e−2α(h2 −h1 )
ref f = r1 +

∞ 
X

r̄1 r2 e−2α(h2 −h1 )

n=0
−2α(h
−h
)
2
1
e

t1 t¯1 r2
1 − r¯1 r2 e−2α(h2 −h1 )

n

eα(y−h1 )

(47)
(48)

Contrary to the case of a conventional Fabry-Pérot, the evanescent nature of the fields precludes
the observation of resonant behaviors.
Let’s now go back to the finite membrane case. The system is an interdigitated capacitor placed in
the plane y = 0. Between the planes y = h and y = h+h0 is placed a membrane of relative permittivity
r surrounded by air. The reflection and transmission coefficient at the interface air-membrane are
given by equations (34) to (37):

r=

1 − r
2
r − 1
2r
, t=
, r̄ =
, t̄ =
1 + r
1 + r
1 + r
1 + r
16

(49)

y
h + h0
h

0

Figure 17: The thin electrodes (in black) are deposited on a substrate (in purple), and are surrounded
by air on the other side. A membrane (in red) of thickness h0 is placed at the height h above the
electrodes.
We can obtain the effective reflection coefficient of the membrane using equation (48) with the
correspondence r1 → r, r̄1 → r̄, t1 → t, t̄1 → t̄, r2 → r̄, h2 − h1 → h0 . Then using equation (45) and
by writing ref f as a function of r and h0 :

Cf inite

membrane

ref f

Cgross

1 + ref f exp − 2πh
a




0
−
1
(2r − 1) exp 2πh
a


=−
2πh0
2
exp
(1 + r ) − (r − 1)2
a
=

(50)

(51)

This expression is plotted as a function of membrane thickness h0 in figure 16. As expected, we
retrieve the results of the semi-infinite membrane when h0 exceeds a. Indeed, the evanescent field
created by the electrodes has a characteristic decay lengtha and if the membrane thickness exceeds
this length, the field is completely attenuated when it reaches the second interface.
2.2.5

A more realistic situation

We study in this section the situation depicted in figure 17. The relative permitivitty of the substrate
and the membrane are noted respectively s and m , and their reflection coefficient rs and ref f follow
from equations (34) and (51). We will consider that the substrate is at a distance y = −h∗ of the
electrodes. The potential is given by equation (38), and its counterpart in the y < 0 region. The
capacitance without substrate and membrane is supposed to be Cgross , given by equation (27).
We find ourselves in a situation very similar to the finite membrane case with infinite reflections.
The potential in the y = 0 plane is given by:

V /V0 = 1 +

ref f exp (−2α0 h) + rs exp (−2α0 h∗ ) + 2ref f exp (−2α0 h) rs exp (−2α0 h∗ )
1 − ref f exp (−2α0 h) rs exp (−2α0 h∗ )

(52)

We let h∗ → 0, and the capacitance follows:

C = Cgross

1 − rs ref f exp (−2α0 h)
(1 + rs )(1 + ref f exp (−2α0 h))

(53)

This analytic expression has been verified with a Sonnet simulation, the results are shown on
figure 18.

17

550

Capacitance in the realistic situation with h0 =1.0µm

300

Analytic
0.88× Analytic
Sonnet

500

Capacitance in the realistic situation with h =0.1µm
Analytic
0.87× Analytic
Sonnet simulation

280

450

Capacitance(fF)

Capacitance(fF)

260
400
350
300

240

220
250
200
200
150
0.0

0.5

1.0
1.5
Membrane altitude (in µm)

2.0

180
0.0

2.5

0.5

1.0
1.5
Membrane thickness (in µm)

2.0

2.5

Figure 18: The parameters of the capacitor are the same as in figure 14 and 16. The capacitance is
plotted with respect to the altitude of the membrane (on the left) and the membrane thickness (on
the right)

2.3 Vacuum optomechanical coupling rate
From equations (9) and (53), we can obtain, recalling that α0 = π/a, the coupling constant in a
realistic system:

πref f (1 + rs ) exp − 2πh
a


g0 = xZP F ω0
2πh
a(1 − ref f rs exp − 2πh
a )(1 + ref f exp − a )

(54)

Obviously, the coupling constant raises when h decreases. However, the minimum value of h is
limited by technical constraints. We fix it at h = 50 nm for this theoretical discussion. The mechanical
parameters of the membrane are: resonant frequency ΩM = 2MHz and effective mass M = 200pg.
The permittivities of the different material are the same as previously. We can then see the
dependency of g0 with other parameters, a and h0 , on figure 19.
Figure 19.b shows the dependency of g0 as a function of the membrane thickness h0 when a is
fixed to the optimum value in figure 18a. This graph shows that for h0 ≈ 200nm – a typical value for
the thickness of the membranes grown at LPN – is already sufficient to saturate the value of g0 .
Furthermore, figure 19.a shows that the electrode spacing should be chosen carefully: for a given
spacing h between the electrodes and the membrane, the coupling is maximum for a value of a close
to 2πh. This can be understood by a simple argument : the square electric field |E0,+ |2 is decreasing
exponentially along y with a decay length a/(2π). Hence, the maximum dielectric force, proportional
→
−
to ∇(|E0,+ |2 ) is maximum when a/(2π) = h.
The coupling constant plays an important role in the ratio of the optomechanical cooperativity
over the number of thermal phonons in the membrane (equation 6). We can rewrite the ratio C/nth
as a function of the system’s parameters:
C
4h̄g02 n0 Qres Qmem
=
nth
kB T ω0
 
 
 
 

n   Q
Qmem
8 GHz
100 mK
g0 /2π 2
0
res
≈ 11 ·
·
·
·
·
·
106
5 · 104
105
ω0 /2π
T
96 Hz

(55)

This equation is written in such a way that the ratio would be 11 if all the parameters in parentheses were equal to the corresponding numeric value. The number of intra-cavity photons n0 , and
microwave quality factor Qres quoted here are routinely achieved in other optomechanical experiments
in the microwave domain [2]. This calculation shows that an electromechanical system based on the
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(a)

(b)

(c)

Figure 19: (a) Vacuum optomechanical coupling rate as a function of the tooth period a for a fixed
membrane thickness h0 = 0.2 µm. (b) Same parameter as a function of membrane thickness for a
fixed tooth period height a = 0.58 µm. In these plots, we have assumed ω0 /2π = 8 GHz. (c) Map of
g0 as a function of both parameters.

(a)

(b)

Figure 20: 2D view of two designs of LC resonators coupled to microwave line by a CPW with (a) a
meander inductor, and (b) a spiral inductor. Those two resonator are predicted to have a resonant
frequency around 8 GHz.
dielectric gradient force should compete with state-of-the-art moving-electrode electromechanical systems and reaching the quantum regime appears feasible by placing such a system in a dilution fridge
environment.

3 Experimental developments
We will focus in this part on the beginning of the experimental developments to study the coupling
between a microwave resonator and a membrane. Before studying the effect of the membrane, we
need precise knowledge of the behavior of the resonator. Thus, this part presents my work to achieve
this aim: first, on the sample design and fabrication, and second on the setup to test them.

3.1 Sample design and fabrication
In our first design, the interdigitated capacitor was connected to a meander inductance (see figure
20.a). The superconducting metal we use is Niobium. We chose this meander design because it is the
simplest to fabricate and it has already been extensively studied [11]. The microwave energy is sent
to the resonator by coupling the inductor to a Coplanar WaveGuide (CPW).
A CPW is composed of the following elements: two planes of metal, set to the ground and
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(b)

Frequency

Figure 21: (a) A microscope picture of the tested resonator. The yellow parts is Niobium, and the
purple is resist. (b) The response in transmission we obtained (in red) and the fit in blue. We obtained
a resonant angular frequency of 2π × 8.16 GHz, and an asymetry parameter δω = −2π × 400 kHz.
separated by a small gap; in the middle of those two planes is printed a single track of metal. The
latter conducts the microwave signal. These three elements operate as a transmission line.
The transmission coefficient of the resonator as a function of the input angular frequency ω is
given by [11]:

S21 (ω) = 1 −

Q0
Qc

− 2iQ0 δω
ω0

0
1 + 2iQ0 ω−ω
ω

(56)

where ω0 is the resonant frequency of the resonator and δω is an asymmetry parameter characterizing the reflections in the transmission lines. In this formula, Q0 is the total quality factor of the
−1
−1
resonator. It is given by Q−1
0 = Qi + Qc , where Qi is the intrinsic quality factor and Qc is the
coupling quality factor. This former only depends on the intrinsic properties of the resonator and
can be affected by several loss mechanisms such as defects in the Niobium or dielectric loss from the
substrate. On the other hand, the coupling quality factor accounts for the decay of the intracavity
power into the CPW. This value can be tailored by choosing the distance between the CPW and the
inductance, since Qc decreases with this distance.
In order to maximize the power transmission between the CPW and the resonator, we should have
Qi ≈ Qc , which is known as the critical coupling condition.
The fabrication of such a resonator uses UV-lithography, and the process flow is displayed on
figure 22. The sample we obtained is a 1 cm squared chip on which we have four resonators. Figure
21.a is an optical microscope close-up on one of the resonators.
We have tested this resonator thanks to a cryogenic setup gracefully lent by T. Kontos at Laboratoire Pierre Aigrain. A similar setup has been designed during my internship and more details are
given in the next section. Figure 21.b is the measured response close to the resonance frequency of
the fundamental mode, together with a fit yielding Qi = 7800 and Qc = 7600. The modest value of
Qi is probably limited by the BCS resistance of Niobium at 4K [12]. This effect should decrease exponentially with Tc /T , where Tc = 9K is the critical temperature of Niobium. The residual oscillations
affecting the measured response are attributed to standing waves due to poor impedance mismatch
between the different microwave lines.
The capacitor size of this sample is 100×100 µm squared. It is much bigger than the membrane
designed at LPN: 20 × 10µm. In order to match the size of the capacitor with that of the vibrating
membrane, we have designed second generation resonators with a reduced capacitance footprint. This
comes at the expanse of two technical difficulties:
• The resolution of UV-lithography is not sufficient to draw the capacitance and we will need to
use e-beam lithography
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Figure 22: We start from a silicon substrate (with 2 µm of SiO2 thermal oxyde) (a), on which
we deposit Niobium (b). Then (c), a photoresist is applied and spin-coated. (d) We make a UVlithography on the resist according to our pattern, and develop it (e). (f) Niobium etching using SF6
plasma, and (g) stripping to remove remaining resist.
• The capacitance of our resonator is greatly reduced. Since we want to keep the resonant frequency at the same order of magnitude, we need to increase the length of the meander inductor.
However, we need to take into account that Niobium wires have a lineic capacitance, which is
parasitic in our case. For a long meander inductor and a small capacitor, this meander parasitic
capacitance becomes dominant, and we need find another design for the inductor.
We decided to move on to a spiral inductor (see figure 20.b). The fabrication of a spiral inductor
is slightly more complex, since it requires two layers deposition of Niobium. Nevertheless, it allows
to store the same magnetic energy as meander for a shorter length of wire. The characterization and
fabrication of such resonators with a smaller capacitor and spiral inductor is the topic of T. Capelle’s
internship.

3.2 Cryogenic and microwave setup
In this part, I will describe the cryogenic insert that I designed during my internship. A schematic
representation of the setup is shown in figure 23.
Even though the concept of the cryostat is rather simple – the cold chamber is directly immersed
in the Helium-4 bath of a commercial tank – I had to carefully design several elements of the setup
such as the Printed Circuit Board (PCB) ensuring the connection between the on-chip CPW and
coaxial cables, a box to provide electromagnetic shielding of the resonator, an other box to provide
vacuum around it for further study of a membrane motion and mechanical parts to ensure control of
the cooling of the resonator.
I will present some of these elements in the following sections.
3.2.1

Printed Circuit Board Design

We use a PCB to connect the on-chip waveguides to a commercial SubMiniature version A (SMA)
adapter. The PCB, shown in figure 24, acts then as an extension of the CPW of the sample. The
wave impedance of the CPW on the PCB should match the one of the sample CPW.
The top and bottom layers of the PCB are made of gold without additive. We chose gold for its
good electric conductivity and because it is durable when applying several wire bonding.
Wire bonding is the process that connects the sample to the PCB. We will bond the CPW between
them with several wires for geometrical matching. Moreover, we will bond the ground planes of the
sample and of the PCB. The latter ground planes are connected to each other by the bottom layer,
which is a large pad of gold, and the vias. Furthermore, these ground planes are connected to the
ground via the SMA-PCB adapters.
Finally, the substrate between the two layers is TMM10i from RogersCorp, which we chose because
it is a low loss material and its relative permittivity matches that of silicon.
In the next section, I will describe how the PCB and sample can be embedded in a closed metallic
box to shield them from external radiation.
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Figure 23: (a) A schematic view of the cryogenic setup. The blue sea is liquid Helium in a tank. The
green rectangles are KF50 connections. The orange rectangle is a KF50 to KF16 adapter (also shown
in figure 27.c). The grey lines represents a plastic tube (figure 27.a) which goes in the tank. The
height of the tube is controled with an element represented by a red rectangle (figure 27.d and .e).
A KF50 cross is place at the top of the plastic tube: it allows connection to the microwave network,
to Helium recovery and to a vacuum pump. The thick black line represents a the vacuum connection
(figure 27.b) between the pump and a vacuum box (in purple). This vacuum box, at the bottom of
the plastic tube, contains a box (in yellow, zoomed view in (b)) in which is placed the sample. The
connection between the sample and the microwave network is made with coaxial cables (in green). (b)
The copper box (in brown) in which is embedded our sample (in black). The connection between the
coaxial cables and the sample is made with a PCB (in yellow). The green and black wires represent
the SMA-PCB adapters, and the red wires are a representation of the wire bonds.
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Figure 24: The PCB and its dimension in mm. In red, top layer gold pads and in green, vias between
the top and the bottom layer (bottom layer is hiden).
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Figure 25: SB from disassembled to assembled. (a) the different parts of the SB. The white part is a
3D-printed simulation of the PCB. (b) Box almost fully assembled. (c) Box assembled.
3.2.2

Electromagnetic shield

We will put the sample in a box made of copper (called SB for Sample Box) which will act as a
Faraday cage. The box is shown on figure 25.
We chose copper for its high thermal conductivity to ensure that our sample is at 4K. The third
part from the left of figure 25.a ensures thermal contact as well as mechanical stability of the sample.
The main constraint with a Faraday cage is that electromagnetic modes in the cage can interact
with the resonator.The electromagnetic modes of a rectangular box have the following resonance
frequencies: :

fn,m,k

c
=
2

s

n
lx

2


+

m
ly

2

 2
k
+
lz

(57)

where lx , ly and lz are the dimensions of the box and n, m and k are positive integers with at
least two of them non equal to zero. This formula shows that it exist a certain frequency (called the
cut-off frequency) below which the box doesn’t support any mode. If we suppose that lx and ly are
both larger than lz , the cut-off frequency of the box is :
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Figure 26: On the left and middle: VB with first parts separated and secondly assembled. On the
right: SB is fixed to the VB.
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Our box is 20 × 20 × 2 mm, then fCO = 10.6 GHz, which is high enough since we want to study
resonant frequencies between 5 and 10 GHz.
As can be seen on figure 25.b and .c, two sides of the box are made with the PCB-SMA adapters.
This adapters allow to connect the resonators to the microwave network, on which we will focus next.
3.2.3

Microwave connections and immersion setup

The first brick of our microwave network for testing resonators is the Vectorial Network Analyzer
(VNA). The VNA sends an microwave pulse to the resonator under test and measures its response.
It allows us to have access to S21 and, given equation (56), the quality factors of the resonator.
The VNA and the SB are connected using coaxial cables. The interface between the outside
and the inside of the helium tank is made with a commercial custom KF50 blank with female SMA
connectors on both side. The blank also carries DC connections.
The outside connection is made with a coaxial semi-rigid cable from Amphenol. The inside connection is made with cryogenic cables from CoaxCo. We chose to use long stainless steel (SS) cables
for the long going down in the tank: SS cables have low thermal conductivity, which should reduce our
Helium consumption. The connection between those cables and the sample is made via BerylliumCopper coaxial cables, chosen for their good thermal conductivity since we want the sample and its
surroundings to be thermalized at 4K.
We are aware that thermal photons from the environment at 300 K will be transfered to the
resonator. Thermal photons will degrade the signal to noise ratio (SNR). However, thermal photons
should not be a problem for the study of the resonators only. Nevertheless, when we want to study
the motion of a membrane, we may need this attenuators to reduce this effect.
Furthermore, it should be noted that we cannot prevent thermal photons excitations with our
setup at 4K. Indeed the thermal noise cut off frequency at this temperature (given by h̄ω = kb T ) is
around 80 GHz. Nevertheless, the Bose-Einstein statistics predicts around 10 thermal photons at 8
GHz which is negligible compared to the 106 photons we intend to send in the resonator.
In the same problematic of having a good SNR ratio, we should use superconducting cables at the
output of the resonators. However, this is not yet topical and we will only put a circulator connected
to a 50Ω termination to prevent incoming signal from the output part of the network.
We have now the necessary microwave connections to study our resonator. Furthermore, by
anticipation of the study of the membrane, we decided to design a setup to have vacuum around the
membrane.
Vacuum is necessary to have a good quality factor for the membrane: at ambient pressure the
dissipation of the membrane motion is dominated by viscous friction, which reduces the quality factor
of the membrane. We want to be in the regime where the dissipation of the membrane motion is
dominated by intrinsic loss, which requires to be at a pressure ≈ 10−4 mbar.
In order to reach this regime, I have designed a vacuum box (VB) in which the SB will be embedded.
Pictures of the VB is shown on figure 26. It is composed of an open tube and of a part that serves
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Figure 27: (a) Plastic tube that goes in the tank. (b) Pipe for vacuum connection. (c) KF50-16
adapter. Part which controls the going down of the tube: (d) assembled , (e) disassembled.
both the cover of the VB and as a holder of the SB. The latter part is in copper for thermal contact.
These two parts will be sealed with an Indium wire. The electrical connection between the inside of
the VB and the outside is made with semi rigid coaxial cables that will be glued with Stycast. We
have tested that such homemade coaxial feedthroughs are indeed vacuum-proof.
The connection between the VB and the pump is made by a long tube (Figure 27.b) of 6 mm
outer diameter. It is also be glued with Stycast on the VB, and connected to the pump via a KF50-16
adapter (Figure 27.c). This tube also has the role of holding the VB for it not to fall in the Helium
tank. The VB, the long tube and the adapter are embedded in a 48 mm outer diameter plastic tube
(Figure 27.a) which fits in the opening of the Helium tank. These four part are cohesive, and their
going down in the tank is controlled by the part shown on figure 27.d and e.
We now have all the bricks of the setup to test resonators, and the path to measure the motion of
a membrane has been anticipated.

Conclusion
During this internship, I had the opportunity to work on a new project : building a Hybrid Optomechanical Quantum Node (HOQN), which should allow for example, the transfer of quantum
information from microwave photons to optical transmission lines by the use of mechanical degrees of
freedom. In this report, I have presented some of the first steps required to build the microwave part
of the HOQN: the coupling between an interdigitated capacitor and a dielectric membrane.
First, we have seen the theoretical development to convince ourselves that we can observe quantum
coherent behavior in such a system. In order to observe this behavior, it will be necessary to choose
carefully the design parameters of the system.
Secondly, we have seen the design of a cryogenic setup which should allow us to test microwave
resonators, alone and coupled to a membrane. This setup, in which our sample will be thermalized
at 4 K, will not be sufficient to observe the quantum coherent regime. However resonators coupled
to a mechanical degree of freedom can be studied and theoretical predictions can be compared to
experimental results.
At the end of my internship, I realize that the path to the HOQN is still long. I lack the understanding of the optical coupling, and I have not been confronted to the problems arising when
performing optomechanics experiments. I hope I will have the chance to face those problems, since
they should sharpen my understanding of electromechanics.
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