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Covariance Matrix 

two-mode case: 
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single mode case : 
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symmetric, positive matrix, therefore diagonalizable 

"principal component analysis" 



généralisable à N modes: N modes propres existent 
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Recherche de modes propres:  
cas mono-quadrature et  N modes  
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Transmission through  
scattering medium 

Speckle	  figure	  :	  complex	  distribu5on	  …	  but	  coherent	  and	  determinis,c	  
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Controlling the time and frequency degrees of freedom
The presence of many spatial channels in the optical domain pro-
vides great flexibility for wavefront-shaping experiments. However, 
wavefront shaping only works for a narrow frequency range. By opti-
mizing the focus intensity and then detuning the laser, van Beijnum 
and co-workers56 have shown that the effect of optimization is lost 
after the laser has been detuned by the speckle correlation frequency 
δω. Rather than being a limitation, this allows for even more degrees 
of freedom to control the waves36. An incident light pulse excites 
all the modes that exist within its bandwidth (Fig. 3a). A source 
emits light with many frequency components, each of which causes 
a different speckle pattern. Similarly, tuning the phase of multiple 

spatial components makes it possible to control the relative phases 
and amplitudes of the frequency components, thereby allowing the 
transmitted speckles to interfere constructively at a chosen time. 
This extra dimension of control drastically increases the possibili-
ties offered to an experimentalist.

An experimentalist can select a point in space and measure 
the phase and amplitude of each uncorrelated frequency compris-
ing the spectrum of the field. A very basic way of controlling this 
transient wave field involves adding all the uncorrelated speckles in 
phase on the chosen point at a specific time. This control can be 
achieved by conjugating the phase of each component of the meas-
ured polychromatic wave field and sending it again through the 
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Figure 3 | Taking advantage of the temporal degrees of freedom in complex media. a, A red laser beam creates a speckle pattern after propagating 
through a multiply scattering medium. Shifting the laser frequency by more than the correlation frequency of the medium provides an uncorrelated 
speckle pattern, which is depicted here by the green and blue speckles. A focus in space and time can be created by adjusting the phases and amplitudes 
of the frequency components. b, Top: Selective focusing of ultrasound waves using time reversal. A 1-μs-duration pulse centred at 1.5 MHz is emitted 
from each transducer of a TRM and propagates through a multiply scattering medium towards five receivers. Middle: Example of a 400-μs-long impulse 
response acquired from a TRM/receiver couple. Bottom: Time reversal is used to focus waves spatiotemporally onto five independent foci through the 
scattering medium; a single spot is measured through water. c, Optical pulse transmission through a disordered medium. A 65 fs pulse from a Ti:sapphire 
laser is passed through an SLM before it hits a scattering sample. The scattered pulse has a duration of several picoseconds. Using a reference path, the 
transmitted amplitude is measured at a single point in space and time, at the detector. The spatial phases of the incident beam are modified to optimize 
this amplitude. The result is a short transmitted pulse at the target location and time. Figure b reproduced from ref. 105, © 2003 APS. Figure c adapted 
from ref. 65, © 2011 APS.
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Polychromatic (i.e. temporal) 

Spectral	  dependence/	  
confinement	  5me	  of	  
light	  in	  the	  medium	  

A	  speckle	  grain	  =	  	  
•  Sum	  of	  different	  paths	  with	  random	  phases	  

	  	  =	  random	  walk	  in	  the	  complex	  plane	  
•  Size	  limited	  by	  diffrac5on	  
•  Intensity	  distribu5on	  	  
•  	  unpolarized	  speckle	  =	  2	  independent	  speckles	  

	  	  	  

Monochromatic speckle 

P (I) / exp

�I/hIi



Device for wavefront control 

Spatial light modulator (SLM) 
(mostly liquid crystals) 

 
Segmented, >1 million pixel 

 course : 1 microns 
 speed:  <50Hz 

Deformable mirrors 
(piezo, magnetics…) 

 
 10-100 actuators (typ.) 
course : 10-20 microns  

Speed > kHz 

Adaptive optics Diffractive optics, displays …. 



Transmission matrix measurement and use 



singular value decomposition of the transmission matrix 
valid for any matrix 

M=U.diag(λ).V U, V unitaries 

histogram 
of singular values 



Spatial multiplexing in Telecommunications 
 





The MIMO concept 

Multiple (modes) In Multiple (modes) out 

find the eigenstates of propagation 











FIELD QUANTIZATION 



quantifization requires modes 

Ê+(r, t) =
X

m

E0âmfm(r, t)

comes from electromagnetism 
linearity of Maxwell equations 

comes from quantization procedure: 
linearity of quantum mechanics 

| i =
1X

n1=0

...

1X

nm=0

...Cn1,...,nm,...|n1 photons en f1, ..., nm photons en fm, ...i

most general quantum state of field 

double basis:  
- of modes,  
- of states inside each mode 
both can be changed 



Expérimental characterization!
of the temporal shape of the 

principal modes or "supermodes"!





. 
if « click »: 

photon counter 

. 

 conditional generation of single photons 
"heralded photons"                                                       

Parametric splitting  
of light 

single photon state 
in the same time window 



experimental set-up 

O. Morin et al,  Phys. Rev. Letters 111, 213602 (2013) 

Parametric crystal 
 inside an optical cavity 

photon counter 

homodyne 
detection 
signal x(t) 
recorded  
on computer 



 used modes : time bins                                                        

time 

Δt	


temps u1 u2 
u3 u4 

u5 u500 

sampling time (200ps) 

measured quantity : 
homodyne signal  
intensity during Δt	

(on a given quadrature) 
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averaged over a great number of clicks triggered on "click"  
of photon detector 

u1000 

... 

1000   1000 covariance matrix of a single quadrature, which can be diagonalized 

... 1000 measured  
time bins:  

⇥



eigen values of covariance matrix 

1: level of vacuum fluctuations (=E0
2) 

time shape of temporal mode 

only one eigen value different from vacuum fluctuations 
the generated state is single mode 

it corresponds to the temporal mode of the OPO cavity  
(=Fourier transform of cavity spectrum) 

e�|t�ttrigger|/Tcav



!
manipulation !

of frequency modes!
!

"quantum frequency combs"!



frequency 

The quantum analogue of  
Wavelength Division Multiplexing 

(WDM) ? 

multi-frequency quantum state 
many modes easily accessible :  

a way to massively parallel quantum information processing ? 



Balanced homodyne detection of squeezed vacuum 

       squeezed vacuum 
             in mode  u1  

   
   

   
   

  
Laser beam 
(Local Oscillator) 
in same mode u1 

Shot noise
Measured noise
Noise corrected from losses

dB

ϕ	

ϕ	
ϕ	


vacuum 
fluctuation 
level E0 

squeezed 
quadrature 



Ø  use several homodyne detections 
 

   multimode input beam  
   

   
   

   
  

Laser beam 
in mode wk ϕ	


How to analyze the modal content 
 of a multimode light state ? 

one performs a series of homodyne measurements  
on a set of modes   {wk(r, t)}

gives information  
about the projection 
of the multimode 
 input beam 
on the Local Oscillator 
mode 



The frequency comb  

Frequency modes of a mode-locked laser: about 100.000 

frequency 

Can we entangle all these modes ? 

Can we perform quantum computing operations 
on all these modes ? 

time 

optical 
frequency 
 comb: 



Parametric down conversion  
of monochromatic pump 

Ø  for a monochromatic   pump 

output : 
 two mode  
EPR entangled state 

 	


nonlinear crystal 

1 
2 

ν	


⌫signal + ⌫idler = ⌫pump

spectrum of down-converted light: 

Ø  creates independent couples of EPR entangled modes 



Mode-
locked laser 

Parametric crystal 

Tround trip = Tinter−pulse

the Synchronously Pumped   
Optical Parametric Oscillator  (SPOPO) 



Parametric down conversion of a frequency comb 

Ø  for a frequency comb  pump 

output : 
 two mode  
EPR entangled state 

 	


nonlinear crystal 

1 
2 

spectrum of down-converted light: 

Ø  all couples of frequencies should be entangled 



A liitle bit of theory ... 

ℓ
ℓʹ′

Symmetrical matrix 

pump 

( )∑
ʹ′

ʹ′
+
ʹ′

+
ʹ′ +=

ℓℓ
ℓℓℓℓℓℓ

,
, ˆˆˆˆˆ aaaaGH ℓ

ℓʹ′

ℓℓ ʹ′,G

Crystal phase matching 
 coefficient 

 pump spectral amplitude 

( ) ( )∑
ʹ′

ʹ′
+
ʹ′

+
ʹ′ʹ′ ++=

ℓℓ
ℓℓℓℓℓℓℓℓ

,

ˆˆˆˆ)(,ˆ aaaaH pump ωωαωωχ

 Shifeng Jiang, N. Treps, C. Fabre, New Journal of Physics, 14 043006 (2012) 
G. De Valcarcel, G. Patera, N. Treps, C. Fabre, Phys. Rev. A74, 061801(R) (2006)  



Diagonalizing the interaction 

Ø  Eigenstates:   
linear combinations of frequency modes 
«  
s"supermodes" 
 
 
        eigenvalues 
        
       
                  :multi-squeezing hamiltonian 

ℓ
ℓ

ℓaUb kk ˆˆ ∑=
ℓ

ℓʹ′
ℓℓ ʹ′,G

Ĥ = ! Λk b̂k
2 + b̂k

+2( )
k=1

Nm

∑

kΛ

Ψout = Squeezed statek (Λ1) ⊗ ...⊗ Squeezed statek (ΛNm
) ⊗ 0 ⊗ ...



Simple example: Gaussian variation of ℓℓ ʹ′,G

kΛ

supermode shapes 

( )kk r−Λ=Λ 0

Eigenmodes:   combs with Hermite-Gauss modal amplitudes 

frequency 

HG0 HG1 HG2 



Simple example: Gaussian variation of ℓℓ ʹ′,G

kΛ

supermode shapes 

( )kk r−Λ=Λ 0

Eigenmodes:  trains of pulses with Hermite-Gauss temporal 
shapes 

time 
HG1 HG0 HG2 



Ø Starting from two squeezed supermodes 

  

are EPR entangled 

entanglement: another choice of mode basis  

squeezed entangled 
 there will be entanglement 

 between different spectral parts of the comb 

frequency 
HG0 

HG1 
frequency 

frequency 

frequency 

b̂1 b̂2

b̂± =
1p
2
(b̂1 ± b̂2)

b̂1

b̂2

b̂+

b̂�

the mixed modes  



pump 

quantum state at SPOPO output 

- factorized squeezed vacuum states in supermode basis 

⌦ ⌦ ⌦ ⌦ ... 

- multipartite entangled state in frequency mode basis 

it depends on the way one looks at it ! 

SPOPO 


